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Abstract
Recently, the interest in optical wireless communication (OWC) has increased for terrestrial,
space and underwater links since this technology is capable of providing high-data rates with
low power and mass requirement. Particularly, the use of technology based on free-space
optical (FSO) communication has been demonstrated to be a very competitive solution for
establishing the terrestrial high-capacity wireless links that are demanded by the new wide-
band telecommunication services, whose objectives are defined in Horizon 2020 programme
of the European Union. Also, it is expected that these communication systems assume
a noticeable role in the development of 5G infrastructure, thus efficiently contributing to
overcome the important challenge caused by the radio-frequency (RF) spectrum scarcity.
Furthermore, this technology is able to provide immunity to RF interferences and robust-
ness to eavesdropping. However, FSO communication systems are not without drawbacks
such as atmospheric turbulence, pointing errors and heavy fog, which can deteriorate the
performance considerably, among others. This thesis investigates and analyses the perfor-
mance of terrestrial FSO links over gamma-gamma (GG) atmospheric turbulence channels
with generalized pointing errors in terms of the bit error-rate (BER), outage probability
and ergodic capacity.
On the one hand, the ergodic capacity is carefully analyzed for multiple-input/single-output
(MISO), single-input/multiple-output (SIMO), multiple-input/multiple-output (MIMO),
and cooperative FSO systems over atmospheric turbulence channels with different sever-
ity of pointing errors. New approximate closed-form expressions for the ergodic capacity
of these systems have been found which allow us to compute the capacity over the whole
signal-to-noise ratio (SNR) range. In addition, the effect of nonzero boresight pointing errors
is a new feature in the study of ergodic capacity of FSO systems based on receiver diversity.
On the other hand, the study of ergodic capacity of MIMO FSO systems has allowed us to
assume a more generic pointing error model that takes into account the effect of nonzero
boresight errors and, hence, to establish a second research line. This one is related to the
study of performance of FSO links under generalized misalignment fading channels. In
this generalized model, the effect of different jitters for the elevation and the horizontal
displacement, nonzero boresight errors and the effect of correlated sways are taken into
consideration. In addition, an accurate and useful approximation of the well-known Beck-
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mann distribution is proposed to efficiently include such effects in FSO system design. This
approximation is used to evaluate both the BER and the outage probability. Finally, the
developed expressions for these performance metrics are used to find optimum beam widths
that minimize the impact of pointing error effects in a variety of atmospheric turbulence
conditions.
Resumen
Los sistemas de comunicaciones o´pticas en espacio libre (FSO, Free-Space Optical) para
aplicaciones terrestres se presentan en la actualidad como una solucio´n muy interesante para
solventar el importante reto provocado por la escasez del espectro RF (Radio-Frequency)
disponible. Adema´s, los sistemas FSO se configuran como una seria alternativa frente a
otras tecnolog´ıas de acceso y transporte como los sistemas de RF debido a las altas tasas
de sen˜alizacio´n potencialmente muy superiores que se pueden conseguir. Estas ventajas,
entre otras, han intensificado la investigacio´n en estos sistemas en las u´ltimas de´cadas. Por
tanto, el ana´lisis de sus prestaciones en te´rminos de probabilidad de error de bit (BER, Bit
Error-Rate), probabilidad de outage y capacidad ergo´dica es de intere´s relevante, siendo
estas altamente afectadas por la turbulencia atmosfe´rica, los errores por desapuntamiento
entre transmisor y receptor as´ı como por la niebla densa. En esta tesis, el ana´lisis de las
prestaciones de los sistemas FSO ha sido abordado, presentando novedosos resultados para
la comunidad cient´ıfica e investigadora. Dicho ana´lisis de prestaciones se ha dividido en dos
grandes a´reas de investigacio´n: ana´lisis de la capacidad ergo´dica, y modelado de errores por
desapuntamiento generalizado entre transmisor y receptor.
Las contribuciones realizadas dentro del ana´lisis de la capacidad ergo´dica esta´n divididas
en dos grupos: por un lado, el ana´lisis de la capacidad de sistemas FSO avanzados basa-
dos en diversidad espacial tales como los sistemas MISO (Multiple-Input/Single-Output),
SIMO(Single-Input/Multiple-Output) y MIMO(Multiple-Input/Multiple-Output) FSO; por
otro lado, el ana´lisis de la capacidad de sistemas cooperativos basados en retransmisio´n DF
(Detect-and-Forward). En ambos grupos se han obtenido expresiones matema´ticas en forma
cerrada que permiten evaluar la capacidad en todo el rango de valores de SNR (Signal-to-
Noise Ratio) en algunos casos y, en otros, solo ha sido posible obtener su comportamiento
asinto´tico debido a la dificultad matema´tica que presentaba el ana´lisis.
En el caso de las contribuciones realizadas en el modelado de errores por desapuntamiento
generalizado, los cuales siguen una distribucio´n Beckmann, podemos destacar la aproxi-
macio´n propuesta en esta tesis que nos permite incluir de una forma eficiente y sencilla
dichos errores por desapuntamiento al ana´lisis de prestaciones de cualquier sistema de co-
municaciones FSO. Dicha aproximacio´n es utilizada para estudiar la BER y la probabilidad
de outage sobre canales afectados por la turbulencia atmosfe´rica.
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Chapter 1
Introduction
This chapter gives a general overview of this thesis. Then, the motivation, challenges and
aims as well as the thesis outlines are presented. Finally, the publications obtained during
the development of this thesis are summarized.
1.1 Motivation
Today, the proliferation of wireless communications continues being one of the biggest events
in the recent history of telecommunication. The overall traffic volume in wireless commu-
nication networks has grown tremendously in recent years, mainly due to the increase in
mobile broadband [1,2]. This trend is expected to continue growing in the near future with
the evolution of wireless communications standards into the fourth generation (4G) and,
specially, fifth generation (5G) networks [3]. We are all active participates in the develop-
ment of new information and communication technologies, such as ultra-broadband Internet
access, the Internet of Things (IoT), streamed multimedia applications, high-definition (HD)
television services, among others.
In our present-day society, the wireless term is widely used to refer radio-frequency (RF)
technology as a result of the deployment and utilization of wireless RF devices and systems.
As the number of users and data traffic increase, the demand for RF spectrum is already
a critical issue due to a severe congestion that this band of the electromagnetic spectrum
is experiencing at this moment. Additionally, this technology presents the inconvenience
of the license fees that have to be paid for use. In the last few years, new devices, such
as tablets and smart-phones have landed in our life creating new types of demands and
constraints on broadband wireless access. Consequently, new data services and applications
are appearing to improve the mobile broadband experience [4]. In order to be able to
transport an increasing amount of data to users and to deal with this variety of applications,
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considering other potential options for wireless communication networks by using the upper
parts of the electromagnetic spectrum is taking shape.
Lately, the interest in optical wireless communication (OWC) has increased for terrestrial,
space and underwater links since this technology is capable of providing high-data rates
with low power and mass requirement. The term OWC refers to transmission in unguided
propagation media using optical carriers in the visible, infrared (IR) and ultraviolet (UV)
spectral range. According to [2], OWC systems can be classified into five categories de-
pending on the transmission distance. In this way, different technologies can be studied
such as chip-to-chip communication, underwater optical communication (UOC), indoor IR,
visible light communication (VLC), free-space optical (FSO) communication, inter-satellite
links, among others. In Fig. 1.1, we can see these categories with some examples. In this
Optical Wireless
Communications
Ultra-short
range: chip-to-chip
communication
Short-range:
UOC systems
Medium range:
IR and VLC
systems
Long-range:
FSO links
Ultra-long
range:
inter-satellite
links
Figure 1.1: Some of the most typical OWC applications depending on the transmission
distance.
thesis, we only focus on terrestrial OWC links, which are commonly called FSO links by the
research and photonics community. Current terrestrial FSO links operate in the near-IR
wavelengths, i.e., at wavelengths of 850 nm, 1300 nm and 1550 nm which correspond to the
first, second and third optical transmission windows, respectively.
According to recent advances in FSO communication systems, it has been demonstrated that
this technology is quite a competitive solution for establishing the terrestrial high-capacity
wireless links that are demanded by the new wide-band telecommunication services, whose
objectives are defined in Horizon 2020 programme of the European Union. Also, it is
expected that these communication systems assume a noticeable role in the development of
5G infrastructure, thus efficiently contributing to overcome the important challenge caused
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by the RF spectrum scarcity. Furthermore, this technology is able to provide immunity to
RF interferences and robustness to eavesdropping.
Traditionally, FSO communication systems have generated attention as an efficient solution
for the last-mile problem to bridge the gap between the fiber optic infrastructure and the
end user in urban area applications as an alternative solution to the RF links. This problem
arises at the network terminals due to the need for connecting buildings, companies and other
ones to the fiber optic network using a high speed carrier. This problem continues being the
bottle-neck in the current networks since RF technology limits the data rates delivered by the
fiber optic network, operating at rates on the order of 10-100 Mbps. Although, fiber-to-the-
home (FTTH) installations are fairly frequent, this kind of services is only suitable for large
urban areas. Despite the high cost, fiber optic is the best solution from reliability and rate
approaches. Among many possible wireless technologies, both millimeter-wave (mmWave)
communication [5] and FSO communication are becoming strong alternatives to fiber optic
infrastructure since they allow to transmit data with high-bandwidth requirements. Each
of them has its own challenges and benefits. In the case of mmWave communication, this
one is in the frequency band between 30-300 GHz, known as very high frequency (VHF)
by the International Telecommunications Union (ITU). It must be noted that most of the
communication links are used in the range of 60-92 GHz, which require a license from the
Federal Communications Commission (FCC). However, these bands are beginning to be
congested in a number of countries [6]. Operating at 60 GHz has gained much attention for
short-range data links due to the license-free operation allowed by the FCC [7, 8]. Despite
these systems are capable of providing Gbps data rates, the cost and the high atmospheric
attenuation can reduce the range and strength of the wave and, furthermore, these links
are susceptible to interference, increased latency, and require a high signal-to-noise ratio
(SNR) [9]. All these effects in combination with rain and humidity are the main challenges of
this kind of communication systems [5]. On the contrary, FSO technology has the potential
to provide license-free links above 300 GHz. Unlike mmWave and RF links in general,
an FSO link presents smaller attenuation in rain and immunity to interference due to the
used narrow beam between transmitter and receiver. At the same time, FSO technology
also presents a lower cost of installation and maintenance in comparison with fiber optic
systems [10].
With regard to the field of application, FSO systems can be used in a significant number
of applications such as metropolitan area network (MAN) extension, local area network
(LAN)-to-LAN connectivity, high data-rate links between buildings, next generation wireless
broadband networks and back-haul for wireless cellular networks, among others. Back-haul
for cellular systems are specially useful for cases where fiber optic infrastructure is expensive
or difficult to deploy, allowing much higher throughput. Some of the mentioned applications
can be seen in Fig. 1.2 in order to make this read more understandable.
From a commercial point of view, there are a great deal of private companies in the world
that provide this kind of systems. Among the most highlighted companies are fSONA Inc.
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Figure 1.2: FSO system topology as a solution for the last-mile connectivity problem and
backhaul for cellular systems.
(Canada) and LightPointe Communications Inc. (the United States, U.S.), which can offer
capacities in the range of 100 Mbps to 2.5 Gbps [9, 11]. Moreover, it is expected that these
systems are capable of providing speeds of 10 Gbps using wavelength-division multiplexing
(WDM) in the near future. All these applications and advantages make FSO technology
become a potential candidate for the future and the present of wireless communication
networks.
1.2 Challenges and Aims
Despite the advantages and applications of FSO communication systems mentioned in the
previous section, this technology presents some critical issues and limitations that must be
commented. FSO is a line-of-sight (LOS) technology and, hence, transmitter and receiver
must be free from physical obstructions. In other words, they must see each other. In
addition, this technology must be designed to combat changes in the atmosphere that can
deteriorate the performance.
One of the major challenges in FSO communication systems is the weather-dependent per-
formance where heavy fog may result in a link outage due to the fact that fog can modify
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the light characteristics. Rain and snow have little effect on FSO communication systems.
Another one is to mitigate the combined effect of atmospheric turbulence and dynamic
misalignment to increase the distance, rate and reliability. The atmospheric turbulence pro-
duces random fluctuations in the irradiance, also known as scintillation, beam spreading,
beam wander, among others effects, as a result of variations in the refractive index along
the communication link. The scintillation process produces random fluctuations in both
the amplitude and the phase of the received optical signal; the effect of beam spreading is
related to a loss of power at the receiver side caused by diffraction; and the effect of beam
wander is related to an angular deviation of the beam from LOS [12, 13]. Atmospheric
turbulence along with absorption and scattering are considered as the three basic processes
that affect optical wave propagation in the literature. Absorption and scattering refer to
wavelength- and weather-dependent attenuation of optical wave. In addition to the effect of
atmospheric turbulence, FSO communication links are strongly affected by pointing errors,
resulting in serious misalignment of fixed-position laser communication systems.
Other challenges in FSO systems are related to safety and physical obstructions. Due to
eye safety regulations, FSO systems are limited in the transmitted optical power since this
technology uses lasers for transmission [10]. Physical obstructions such as birds, tree limbs,
or other factors can temporarily or permanently block the laser LOS.
Finally, another challenge in FSO communication is to find the maximum reliable data rates,
i.e., average channel capacity. As a fundamental step to achieve this, an accurate optical
channel model is required for the atmospheric turbulence model and dynamic misalignment.
In general, the main objective of this thesis is to present advances in the field of FSO
communication systems in order to cope with these challenges. This thesis is aimed at
investigating the performance of advanced FSO communication systems with the goal of
analyzing their benefits and limitations from a practical point of view. Therefore, the
analysis and design of these communication systems are carried out, developing new results
in two major areas:
(a) Ergodic capacity analysis.
(b) Generalized misalignment fading model for terrestrial FSO links.
On the one hand, the study of ergodic capacity represents the first research area of this thesis
in which we analyze not only the ergodic capacity of FSO communication systems based on
spatial diversity such as multiple-input/single-output (MISO), single-input/multiple-output
(SIMO) and multiple-input/multiple-output (MIMO) FSO systems, but also the ergodic
capacity of cooperative FSO systems based on detect-and-forward (DF) relaying. Hence,
the objective of this research area is twofold: firstly, to develop new closed-form expressions
that allow us to compute the ergodic capacity over the whole range of SNR values, as
well as to study how this one is deteriorated by the effect of atmospheric turbulence and,
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furthermore, how this one is also enhanced in relation to the ergodic capacity obtained by
a single-input/single-output (SISO) FSO system; secondly, to include the effect of pointing
errors in the study of the ergodic capacity (this effect has not been taken into account in
the literature), as well as to include the effect of nonzero boresight pointing errors on SIMO
and MIMO FSO systems, i.e., systems with more than one receiver aperture. The use of a
more sophisticated pointing error model for the study of the ergodic capacity of SIMO and
MIMO FSO systems has led to a second line of research that is focused on the modeling of
generalized pointing errors.
On the other hand, the second research area of this thesis is the modeling of generalized
pointing errors. Over the last decade, different statistical models have been proposed in
the literature to model pointing errors. These models have been used in a large number
of research articles with the goal of adding this effect to different studies, and giving them
a higher degree of realism. Incorporating the effect of pointing errors results in an added
difficulty in developing new closed-form expressions for the performance evaluation of FSO
communication systems. Therefore, including such effect in the performance analysis is not
only to give a greater degree of realism to the performance analysis, but also represents a
great challenge from a mathematical point of view. In the general case, pointing errors are
distributed according to the Beckmann distribution which is the focus of this research line.
In order to achieve all this, a number of research objectives have been set, which are outlined
as follows:
1. Review the fundamental aspects of terrestrial FSO links and the statistical models
that describe the atmospheric turbulence and dynamic misalignment. At the same
time, understanding the limits and range of validity of each of the statistical models.
2. Investigate either approximate or exact closed-form expressions for the bit error-rate
(BER), outage probability and ergodic capacity in order to evaluate the performance
of FSO communication systems over atmospheric turbulence channels with pointing
error effects. Moreover, all the theoretical studies derived from this thesis for the
performance are verified by using Monte Carlo simulation.
3. Investigate the ergodic capacity of MISO, SIMO, MIMO and cooperative systems
based on DF for FSO communication. The study of the ergodic capacity represents
one of the great challenges of this thesis.
4. Investigate a new statistical model for generalized pointing errors that can be used in
an easy way to study more complex FSO scenarios. In the general case, generalized
pointing errors are modeled by the Beckmann distribution which is intractable from
a mathematical point of view due to the fact that its density function appears in
integral-form. This is another great challenge of this thesis, i.e, finding out an efficient
way of including generalized pointing errors in FSO system design.
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1.3 Thesis Outlines
To make this read much easier, this thesis is organized in five chapters. The remainder of
this thesis is organized as follows.
Chapter 1 gives a general overview of this thesis, describing the motivation, challenges
and aims.
Chapter 2 presents basic fundamentals of FSO technology related to the system and chan-
nel models, and the performance metrics used in this thesis such as BER, outage prob-
ability and ergodic capacity which are evaluated for a SISO FSO system. In addition
to this, this chapter also introduces the zero boresight pointing error model which is
considered as a cornerstone of pointing error models and under which the proposed
generalized pointing error model is based. This chapter is essential to establish the
theoretical fundamentals of FSO technology and, hence, this knowledge is required to
make this read more fruitful.
Next, the following two chapters represent the most important part of this thesis, i.e., the
contributions of the work developed during this thesis. At the beginning of each chapter,
a deep insight into each research area is given with the goal of introducing the reader to
the contribution. At the same time, a mind map which details the relations among these
subjects can be seen in Fig. 1.3 at the end of this chapter.
Chapter 3 is related to the ergodic capacity analysis of FSO communication systems. This
chapter evaluates the ergodic capacity of MISO, MIMO and SIMO FSO communica-
tion systems, and DF-based cooperative FSO systems. The study of ergodic capacity
of MIMO FSO systems has allowed us to assume a more generic pointing error model
that takes into account the effect of nonzero boresight errors and, hence, to establish
the second research area.
Chapter 4 is related to the study of performance of FSO links under generalized misalign-
ment fading channels. In this generalized model, the effect of different jitters for the
elevation and the horizontal displacement, nonzero boresight errors and the effect of
correlated sways are taken into account.
Chapter 5 presents conclusions and future work.
In order to make this read more pleasant, some appendices have been added with useful
information but not essential to understand the main core of this thesis. Thus, a compound
of some special functions and definite integrals involved in the derivation of metrics such as
BER, outage probability and ergodic capacity is given in Appendix A which are needed in
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this thesis specially in Chapters 3 and 4. At the same time, some calculus related to Chapters
3 and 4 are performed in greater detail in Appendix B and Appendix C, respectively. In
Appendix D, a complete list of all the publications obtained during the development of this
thesis is given. Finally, a summary of this thesis in Spanish is also included in Appendix E.
1.4 Thesis Contributions
In this section, the following publications have been produced as a result of this thesis which
are summarized as follows:
• [14] R. Boluda-Ruiz, A. Garc´ıa-Zambrana, B. Castillo-Va´zquez, and C. Castillo-
Va´zquez, ”On the effect of correlated sways on generalized misalignment fading for
terrestrial FSO links,” Photonics Journal, IEEE, 9(3), 1–13, 2017 (Impact factor 2.177,
60/257 Engineering, Electrical and Electronic Q1 JCR 2015).
• [15] R. Boluda-Ruiz, A. Garc´ıa-Zambrana, C. Castillo-Va´zquez, B. Castillo-Va´zquez,
and Steve Hranilovic, ”Outage Performance of Exponentiated Weibull FSO Links Un-
der Generalized Pointing Errors,” J. of Lightwave Technol., IEEE/OSA, vol. 35, no. 9,
pp. 1605–1613, 2017. (Impact factor 2.567, 20/90 Optics Q1 JCR 2015).
• [16] R. Boluda-Ruiz, A. Garc´ıa-Zambrana, C. Castillo-Va´zquez, and B. Castillo-
Va´zquez, ”Novel approximation of misalignment fading modeled by Beckmann distri-
bution on free-space optical links,” Opt. Express 24(20), 22635–22649, 2016 (Impact
factor 3.148, 14/90 Optics Q1 JCR 2015).
• [17] R. Boluda-Ruiz, A. Garc´ıa-Zambrana, B. Castillo-Va´zquez, and C. Castillo-
Va´zquez, ”Impact of nonzero boresight pointing error on ergodic capacity of MIMO
FSO communication systems,” Opt. Express 24(4), 3513–3534, 2016 (Impact factor
3.148, 14/90 Optics Q1 JCR 2015).
• [18] R. Boluda-Ruiz, A. Garc´ıa-Zambrana, B. Castillo-Va´zquez, and C. Castillo-
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ment fading channels,” Opt. Express 23(17), 22371–22385, 2015 (Impact factor 3.488,
9/86 Optics Q1 JCR 2013).
• [19] R. Boluda-Ruiz, A. Garc´ıa-Zambrana, B. Castillo-Va´zquez, and C. Castillo-
Va´zquez, “Ergodic capacity analysis for DF strategies in cooperative FSO systems,”
Opt. Express 23(17), 21565–21584, 2015 (Impact factor 3.488, 9/86 Optics Q1 JCR
2013).
• [20] R. Boluda-Ruiz, A. Garc´ıa-Zambrana, B. Castillo-Va´zquez, and C. Castillo-
Va´zquez, “Ergodic capacity analysis of decode-and-forward relay-assisted FSO systems
over alpha-mu fading channels considering pointing errors,” Photonics Journal, IEEE,
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8(1), 1–11, 2016 (Impact factor 2.177, 60/257 Engineering, Electrical and Electronic
Q1 JCR 2015).
• R. Boluda-Ruiz, A. Garc´ıa-Zambrana, B. Castillo-Va´zquez, and C. Castillo-Va´zquez,
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Other publications by the author which have also been achieved in the context of FSO
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Figure 1.3: Thesis flow-chart.
Chapter 2
Fundamentals of FSO Systems
In this chapter, a complete review of the current theory of FSO communication through
atmosphere is presented.
2.1 General Overview
Most commercial FSO systems are based on intensity-modulation and direct-detection
(IM/DD) schemes due to their lower implementation complexity and cost. Intensity-
modulation (IM) means that an FSO transmitter transmits information by modulating the
instantaneous power of the carrier, in response to an input electrical signal. The informa-
tion sent on this FSO channel is not contained in the amplitude, phase or frequency of the
transmitted optical wave, but in the intensity of the transmitted signal. It is said that the
most practical down-conversion technique is direct-detection (DD), in which a photodetec-
tor produces a current proportional to the received instantaneous power, i.e., proportional
to the square of the received electric field [10, 21].
Basically, the modeling of FSO channels with IM/DD consists of three subsystems: transmit-
ter, channel and receiver, as shown in Fig. 2.1. The transmitter is responsible for preparing
and sending the information on an optical carrier. The channel is the medium between trans-
mitter and receiver, i.e., the atmosphere. Finally, the receiver is responsible for collecting
the transmitted optical field and recovering the information.
2.1.1 Transmitter
The transmitter prepares and sends the information on an optical carrier and consists of
an encoder, an optical source and a modulator. The electro-optical conversion process is
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Figure 2.1: Block diagram of laser beam propagation through the atmosphere.
performed by an optical source through a semiconductor laser diode (LD) or a light-emitting
diode (LED) [10].
Commercial FSO systems operate in the near-IR-wavelength range between 750-850 nm,
1520-1600 nm, with some systems being developed to operate at IR wavelength of 10000
nm [13, 22]. The choice of the wavelength depends on some factors such as price, trans-
mitted power and component availability. Due to the combination of low attenuation and
component availability in the range between 1520-1600 nm, the deployment of FSO commu-
nication links using this range is more convenient despite this one is even more expensive
than the range between 750-850 nm. In addition, much power can be sent at 1520-1600 nm
than can be sent at 780-850 nm for the same eye safety regulation [22] and, hence, it may
be possible to overcome some situations under bad weather conditions such as heavy fog.
2.1.2 Receiver
The receiver is responsible for collecting the transmitted optical beam and recovering the
information. A receiver can be classified into two classes based on detection type: coherent
detection and non-coherent detection. In this thesis, non-coherent detection is assumed.
Unlike coherent detection, the intensity of the emitted light is used to transmit the informa-
tion in non-coherent detection, and the photodetector directly detects changes in the light
intensity without the need for a local oscillator. In other words, a non-coherent receiver
detects only the amplitude of the optical wave and is used in applications when no use is
made of the phase of the optical wave [13].
A typical optical receiver consists of a photodetector that converts the focused optical field
into an output current (opto-electrical conversion), and a lens that has the role of collecting
and focusing the received beam onto the photodetector. Thus, the photodetector produces
an output electrical current which is proportional to the integral over the photodetector
surface of the total instantaneous optical power.
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In all FSO communication systems
’
the determination of noise sources at the input of the
receiver is a critical issue in determining performance since the transmitted optical signal is
always detected in the presence of different noise sources. In this way, background radiation
such as sun and blackbody radiation, among others, is collected by the receiving lens and
focused onto the photodetector along with the transmitted optical signal. Background
radiation can be eliminated by optical filtering or treated as an additive noise to the desired
signal. In most practical FSO systems, the received SNR is limited by high-intensity shot
noise caused by the photodetection process itself and/or by thermal noise in the processing
electronics following the photodetector [13]. As a result
’
the noise at the receiver can be
modeled with high accuracy as additive, white Gaussian noise (AWGN) and independent of
the transmitted signal with zero mean and variance σ2n.
Regarding the photodetector, P-i-N (PIN) and avalanche photodiodes (APD) are the most
commonly used photodetectors in terrestrial FSO links. In this way, PIN diodes are usually
used for FSO link distances up to a few kilometers, and the receiver becomes thermal noise-
limited. For longer distances, APDs are mostly used [?].
2.1.3 Channel Model
The channel is the atmosphere, but the combined effect of atmospheric turbulence, dynamic
misalignment and atmospheric path loss is really the limiting factor in performance of FSO
systems. The modeling of random fluctuations of an optical wave propagating through
atmosphere will be carefully reviewed in Section 2.2.
A mathematical model for an FSO communications system in baseband is given by
y(t) = Ri(t)x(t) + z(t), (2.1)
where y(t) , Y is the output electrical current in the photodetector, R is the detector
responsivity, I , i(t) is the channel gain that represents the random fluctuations due to the
propagation medium, X , x(t) is the transmitted optical power, and Z , z(t) is AWGN
with zero mean and variance σ2n = N0/2, i.e. Z ∼ N(0, N0/2), independent of whether
the received bit is On or Off. In this case, we assume a shot-noise limited receiver since
background radiation is ignored. The detector responsivity is measured in amperes per
watts (A/W ) and represents the conversion factor from optical to electrical domain at the
receiver. The detector responsivity is defined as R = ηe/hν, where η is the detector quantum
efficiency in electrons/photon, e is the electric charge in coulombs, h is the Planck’s constant
(h = 6.63× 10−34 joule-second), and ν is optical frequency in hertz [10,13]. Without loss of
generality, the detector responsivity is assumed hereinafter to be the unity.
Since the channel input x(t) represents instantaneous optical power, the channel is nonneg-
ative and, hence, x(t) must satisfy ∀t, x(t) ≥ 0. Due to eye and skin safety regulations,
the transmitted optical power is limited and, hence, the average amplitude of X is also
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limited [10,21]. According to [21], the average transmitted optical power Pt is given by
Pt = lim
T→∞
1
2T
∫ T
−T
x(t)dt. (2.2)
Here, it is used that Y , I, X, and Z represent random variables (RVs), and y(t), i(t), x(t),
and z(t) their corresponding realizations. In this case, a simple discrete representation for
an FSO link is given by
Y = IX + Z. (2.3)
In this model, I represents the optical intensity fluctuations, i.e. the irradiance or channel
gain, which is due to three different factors: atmospheric path loss (L), atmospheric turbu-
lence (Ia), and geometric spread and pointing errors (Ip). The channel gain is expressed as
follows
I = L · Ia · Ip, (2.4)
where L is a deterministic factor, and Ia and Ip are both RVs as will be seen in the next
section.
Regarding modulation, the most commonly modulation scheme in FSO communication sys-
tems is on-off keying (OOK) due to its simplicity and low cost, which is considered as
a special case of the M-ary pulse amplitude modulation (M-PAM) when the parameter
M = 2. OOK signaling is a popular modulation scheme not only in FSO links
’
but also in a
wide variety of data communication applications. This modulation scheme is also known as
non-return-to-zero (NRZ) encoding. Assuming that the channel is distortionless, the ideal
maximum-likelihood (ML) receiver for OOK in AWGN channels consists of a continuous-
time filter matched to the transmitted pulse shape, followed by a sampler and threshold
detector set midway between the “low” and “high” pulse amplitudes [21].
In OOK signaling, the modulation process is represented by the presence or absence of a
light pulse in each bit interval. The transmitted symbols consist of constant intensities of
zero or 2Pt through the symbol time. The signal can be represented by the basis function
for OOK
’
Φ(t). This function is defined as Φ(t) = g(t)/
√
Tb, where Tb is the bit period,
and g(t) = rect (t/Tb) represents a rectangular pulse shape satisfying the non-negativity
constraint, with 0 ≤ g(t) ≤ 1 in the bit period and 0 otherwise. In this way, an expression
for the transmitted optical signal can be written as
x(t) =
∞∑
k=−∞
ak2Pt
√
TbΦ(t− kTb), (2.5)
where the RV ak follows a Bernoulli distribution with parameter p = 1/2, taking values of
0 for the bit “0” and 1 for the bit “1”. From this expression, it is known that the average
optical power transmitted is Pt, defining a constellation of two equiprobable points whose
Euclidean distance is given by dE = 2Pt
√
Tb.
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2.2 Optical Turbulence Theory
As mentioned in Chapter 1, the scintillation process produces random fluctuations in both
the amplitude and the phase of the received optical signal, i.e., channel fading. This result is
due to variations in the refractive-index along the FSO link. In [13], a comprehensive analysis
of the theory of atmospheric turbulence applied to optical communications in general was
developed. In this thesis, most of the concepts related to turbulence modeling for terrestrial
FSO links are drawn from therein.
2.2.1 Introduction
In the atmosphere, the temperature is constantly changing leading to temporal and spa-
tial temperature gradients. These temperature fluctuations in the presence of dynamic
wind results in index-of-refraction fluctuations, commonly called as optical turbulence or
atmospheric turbulence. This is one of the most important phenomena in optical wave
propagation.
For a better understanding of the structure of atmospheric turbulence, the energy cascade
theory of turbulence reported in [23] is usually adopted. According to this theory, turbulent
air motion represents a set of eddies (air masses) of various scale size. This scale size ranges
from a large or outer scale L0 of turbulence to a small or inner scale l0 of turbulence. Under
the influence of inertial forces, large eddies break up into smaller ones, forming a continuous
cascade of scale sizes between L0 and l0. Scale sizes smaller than the inner scale l0 are
dissipated as heat, as shown in Fig. 2.2.
L0
l0
Energy
injection
Energy
transfer
Dissipation
Figure 2.2: Kolmogorov cascade theory of turbulence.
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The energy distribution of the eddies is well described by the Kolmogorov spectrum, who
suggested that this set of eddies has a degree of statistical consistency and, furthermore,
points in the atmosphere separated certain scale size show statistical homogeneity and
isotropy, allowing a handy mathematical analysis [13]. Without going in too much details
of this theory, it is said that fluctuations in the refractive index are related to variations in
temperature and pressure. In particular, refractive-index fluctuations for optical wave prop-
agation are mainly caused by variations in temperature, considering variation in pressure
neglected. Regarding turbulence strength, on the one hand, strong turbulence has smaller
inner scale than weak turbulence. On the other hand, increase or decrease of the large scale
is directly related to turbulence strength. In [13, Chapter 3], the whole optical turbulence
theory is examined in greater detail and, hence, final results are only presented here. In this
way, the corresponding associated power spectral density for refractive-index fluctuations
is defined by Kolgomorov under the assumption of a statistical homogeneous and isotropic
atmosphere as follows
Φn(κ) = 0.033C
2
nκ
−11/3, 1/L0 < κ < 1/l0 (2.6)
where κ = 2pi/λ is the number of wave, λ is the wavelength, and C2n is the refractive-index
structure parameter, which is the most significant parameter that determines the turbulence
strength. The above equation plays a fundamental role in the description of atmospheric
turbulence. The refractive-index structure parameter C2n is a height-dependent parameter,
being specially important in both vertical and slant links, such as inter-satellite links. Also,
C2n depends on the local conditions such as terrain type, geographic location, cloud cover,
and time of day [24]. The parameter C2n is typically within the range 10
−17-10−13 m−2/3,
i.e., from weak to strong turbulence [12, 13]. Values of C2n can be considered as a constant
for horizontal links such as terrestrial FSO links. Many authors have tried to describe the
behavior of this parameter for vertical and slant links, and various experimental models
have been proposed. In this thesis, the corresponding value of the refractive-index structure
parameter is considered as a constant value since only terrestrial FSO links are studied.
Notice that the Kolgomorov spectrum is widely used in theoretical studies but it is limited
in relation to the wavelength. Other models of the spectrum for index-refractive fluctuations
are required when effects corresponding to the outer scale and inner scale cannot be ignored,
such as Tatarskii and Ka´rma´n models [13]. However, it is usually assumed that the outer
scale is infinity and the inner scale is zero.
2.2.2 Wave Propagation Modes
The optical wave propagation modes can be classified into three categories such as plane
wave, spherical wave and Gaussian-beam wave. Despite most theoretical treatments of opti-
cal wave propagation have concentrated on plane wave and spherical wave, a Gaussian-beam
wave model is more convenient to characterize propagation of the optical wave, particularly
2.2. OPTICAL TURBULENCE THEORY 17
when some characteristics such as focusing and diverging are of interest. The Gaussian-
beam wave model used most often is the lowest-order transverse electromagnetic (TEM00)
wave, i.e., we assume that the laser beam has an ideal Gaussian intensity profile. Note that,
when the Gaussian beam has a relatively large divergence, the corresponding wavefronts are
close to the case of a point source and, hence, both plane and spherical waves are perfectly
applicable to FSO communication systems. Limiting cases of the TEM00 Gaussian-beam
wave led to the plane wave and spherical wave models [13]. In addition, for the sake of
modeling simplicity, we consider plane wave propagation.
2.2.3 Irradiance Fluctuations
A monochromatic optical wave propagating through a random medium, i.e. atmosphere,
can be analyzed mathematically by solving the following partial differential equation
∇2E + κ2n2(R)E = 0, (2.7)
where ∇ is Laplacian opertor, E is the field of the electromagnetic wave, and R is a point
in space. The above equation can be simplified into three scalar equations. One of the
components that is transverse to the direction of propagation along the positive z-axis, U ,
is expressed by the scalar stochastic Helmholtz equation as follows
∇2U + κ2n2(R)U = 0, (2.8)
where the refractive index can be expressed as n(R) = 1 + n1(R), being n1(R) the random
deviation with zero mean, representing the changes caused by atmospheric turbulence. It is
noteworthy to mention that n1(R) depends on time, but under the Taylor frozen turbulence
hypothesis, the time dependence is neglected. Several approaches have been proposed to
solve the scalar stochastic Helmholtz equation by using different assumptions and approx-
imations. For instance, Born and Rytov approximations have traditionally been used to
solve the above equation under extremely weak turbulence and weak turbulence, respec-
tively. Mainly, the Rytov approximation has successfully been used to predict all relevant
statistical parameters in weak turbulence regime. An extension of the Rytov approximation
was needed to study such effect in strong turbulence regime.
Next, some important parameters and concepts are introduced. Firstly, one of the most
important parameters is the Rytov variance σ2R which is used to differentiate between weak
and strong turbulence to classify the turbulence strength [13, eqn. (5.15)]:
σ2R = 1.23C
2
nκ
7/6d11/6m , (2.9)
where dm is the link distance. Physically, the Rytov variance is the irradiance fluctuations
for an infinite plane wave. Traditionally, weak turbulence corresponds to σR < 1, moderate
turbulence corresponds to σ2R ∼ 1, and strong turbulence corresponds to σ2R > 1.
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Secondly, the irradiance fluctuations can be quantified by computing the variance of the
irradiance fluctuations scaled of the square of the mean irradiance, i.e., by computing the
scintillation index (SI). This parameter is defined as follows
σ2Ia =
E[I2a ]− E[Ia]2
E[Ia]2
=
E[I2a ]
E[Ia]2
− 1, (2.10)
with E[·] denoting expectation. Depending on the wave propagation mode, different expres-
sions for SI can be found in [13]. In the case of plane wave propagation mode, SI is expressed
as
σ2Ia = σ
2
R = 1.23C
2
nκ
7/6d11/6m , σ
2
R < 1 (2.11a)
σ2Ia = exp
 0.49σ2R(
1 + 1.11σ
12/5
R
)7/6 + 0.51σ2R(
1 + 0.69σ
12/5
R
)5/6
− 1, σ2R > 1 (2.11b)
One of the best ways to mitigate the effect of scintillation on performance of FSO commu-
nication systems is to use a larger receiver aperture to collect as much light as possible. A
receiver aperture size smaller than the the correlation length or correlation width ρc, i.e.
D ≤ ρc, acts as a point-like receiver, while a receiver aperture size larger than the correla-
tion length, i.e. D ≥ ρc, can collect much more light. This phenomenon is called aperture
averaging and is defined as follows
AA =
σ2Ia(D)
σ2Ia(0)
, (2.12)
where σ2Ia(0) is the SI for a point-like receiver given in Eq. (2.11), and σ
2
Ia
(D) is the SI for
a receiver aperture with diameter D. In the case of plane wave propagation mode, σ2Ia(D)
is expressed under both weak and strong turbulence as
σ2Ia(D) = exp
 0.49σ2R(
1 + 0.65ξ2 + 1.11σ
12/5
R
)7/6

× exp
0.51σ2R
(
1 + 0.69σ
12/5
R
)−5/6
1 + 0.9ξ2 + 0.62ξ2σ
12/5
R
− 1,
(2.13)
where ξ2 = D
2κ
4dm
. For weak turbulence, AA can be approximated by
AA =
(
1 + 1.06ξ2
)7/6
, σ2R < 1. (2.14)
Note that the lowest possible value of AA is desirable in order to average out signal fluctu-
ations due to atmospheric turbulence.
In Fig. 2.3 a plot of the scintillation index is shown, where different receiver aperture di-
ameters as well as a wavelength value of 1550 nm and an FSO link distance of 3 km are
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Figure 2.3: Scintillation index for different receiver aperture diameters.
considered to compute Eq. (2.13). From Fig. 2.3, we can see three different zones. In the
first one, the scintillation index increases as Rytov variance also increases until it reaches
a maximum value. This point is known as the strongest effect. In the second one, once
the maximum SI value is reached, the so-called the saturation regime starts to become
established, decreasing slightly the effect of atmospheric turbulence. Qualitatively, satura-
tion occurs because multiple scattering causes the optical wave to become increasingly less
coherent as it propagates [26].
The correlation length ρc is defined as the width of the irradiance covariance function at
1/e2 of its peak value. In other words, the correlation length describes the average speckle
size at the receiver. This parameter is particularly useful in determining the size of the
receiver aperture needed to mitigate the effect of atmospheric turbulence, mainly in strong
turbulence. Note that ρc depends on both the weather and the link distance. The correlation
length of irradiance fluctuations is determined by the Fresnel zone
√
dm/κ under weak
turbulence, whereas the correlation length of irradiance fluctuations is defined by the spatial
coherence radius ρ0 under strong turbulence [26]. The plane wave coherence radius ρ0 is
smaller than the Fresnel Zone under strong turbulence conditions. In this way, when the
refractive index structure parameter C2n is treated as constant, i.e., horizontal FSO link, the
plane wave coherence radius ρ0 is defined as
ρ0 = 0.79
(
C2nκ
2dm
)−3/5
, (2.15)
in both weak and strong turbulence conditions. The well-known Fried’s parameter or atmo-
spheric coherence length is related to the plane wave spatial coherence radius by r0 = 2.1ρ0.
The atmospheric coherence length can be used to determine the minimum spacing among
transmitters at the transmitter side in a multiple transmitters system, or among receiver
apertures at the receiver side in a multiple receivers system and, hence, to consider uncor-
related fading.
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As previously commented in Chapter 1, the performance of FSO communication systems
can be studied in terms of the BER, outage probability and channel capacity, among others.
These metrics can be evaluated using atmospheric turbulence statistical models. In the
following section, a detailed discussion is given for modeling the density function of irradiance
under weak and strong turbulence conditions.
2.2.4 Atmospheric Turbulence Statistical Models
In order to describe from a statistical point of view the effect of atmospheric turbulence,
different statistical models have been proposed in the literature. On the one hand, these
statistical models must be capable of validating the practical measurements. On the other
hand, an easy mathematical treatment is required in order to obtain simple analytical ex-
pressions.
Early probability density function (PDF) models developed for the irradiance were the
modified Rician distribution, which is obtained from the Born approximation, and the log-
normal (LN) model, which is based on the first Rytov approximation and was proposed
several decades ago in [12, 13]. Both of them are suitable for weak turbulence. However,
the modified Rician distribution is used under extremely weak fluctuations [27]. The LN
turbulence model is widely used to study the performance under weak turbulence conditions.
However, it is well known that the LN turbulence model is not appropriate for moderate-
to-strong turbulence conditions in agreement with experimental data [12, 13, 28]. For that
reason, a number of statistical models were developed to address this problem in strong
turbulence regime.
Most statistical models are based on heuristic arguments and observed experimental data
and, hence, they show good agreement with experimental data under certain conditions.
One of the early models that gained wide acceptance for strong turbulence was the K
distribution [29,30], which was originally proposed as a model for non-Rayleigh sea clutter.
One extension of the K distribution was the I-K distribution, which was presented in [31] to
also cover weak turbulence. Later, other statistical models were arising such as lognormally
modulated exponential distribution [32], and the more general lognormal-Rician distribution
[33], also known as the Beckmann distribution. The Beckmann distribution was presented for
the first time in [34]. These models, like K and I-K distributions, present the inconvenience
of not being able to relate their statistical parameters to atmospheric conditions. Another
atmospheric turbulence model is the gamma-gamma (GG) distribution [12, 13, 28], which
has gained a wide acceptance by the research community since the parameters involved
in this distribution can be measured directly from the channel. This density function has
been extensively utilized in the literature to evaluate the FSO system performance since it
provides a close agreement with measurement data. In addition, this distribution can be
used to study the performance in a wide range of turbulence conditions, i.e., from moderate-
to-strong. However, the GG turbulence model does not provide a good fit to simulation data
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in moderate to strong turbulence regimes when D ≥ ρc, i.e., when aperture averaging takes
place [35, 36]. In Subsection 2.2.4, a brief description of this atmospheric turbulence model
is given since GG density function is the most used statistical model in this thesis.
Over the years, many attempts have been conducted to propose atmospheric turbulence
statistical models that can be used under all turbulence conditions, i.e, from weak to strong.
A universal model able to characterize different turbulence strengths is one of the main
concerns. A number of authors have proposed universal statistical channel models, such as
the Ma´laga (M)-distributed atmospheric turbulence [37], the double GG generalized fading
channels [38, 39], and the exponentiated Weibull (EW) turbulence model [40–43]. The EW
model provides a good fit between simulation and experimental data under moderate to
strong aperture averaging conditions [40–43]. It should be noted that the EW distribution
offers an excellent fit to simulation and experimental data under all aperture averaging
conditions D ≥ ρc, from weak to strong [40,41]. Indeed, this atmospheric turbulence model
has been used in a significant number of research articles in order to study the performance
of FSO communication systems [44–51].
Log-Normal (LN) Model
The LN turbulence model is the most widely accepted model under weak turbulence con-
ditions, which was proposed several decades ago in [12, 13]. The corresponding PDF of LN
model is given by
fIa(i) =
1
i
√
8piσ2X
exp
(
−
(
ln(i) + 2σ2X
)2
8σ2X
)
, i ≥ 0 (2.16)
where σ2X is the log-amplitude variance given by σ
2
X ≈ σ2R/4. The SI is related to the
log-amplitude variance according to
σ2Ia = exp
(
4σ2X
)− 1. (2.17)
Gamma-Gamma (GG) Model
In the GG statistical model, the irradiance Ia is expressed as a product of two independent
gamma RVs, i.e., Ia = IL · IS . These RVs represent the irradiance fluctuations from large
(IL) and small (IS) scale turbulence, whose PDF is given by
fIa(i) =
2(αβ)(α+β)/2
Γ(α)Γ(β)
i((α+β)/2)−1Kα−β
(
2
√
αβi
)
, i ≥ 0 (2.18)
where Γ(·) is the well-known Gamma function (See Appendix A.1), Kν(·) is the νth-order
modified Bessel function of the second kind (See Appendix A.2), and the parameters α and
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β represent the effective numbers of large and small scale turbulence cells according to
α =
1
σ2IL
=
1
exp
(
σ2ln IL
)
− 1
, (2.19a)
β =
1
σ2IS
=
1
exp
(
σ2ln IS
)
− 1
. (2.19b)
The parameters α and β can be selected to achieve a good agreement between Eq. (2.18)
and measurement data [28]. Expressions for α and β for plane, spherical and Gaussian-beam
wave are given in [13], which are all expressed in terms of Rytov variance. In the case of
plane wave propagation, α and β can be expressed as follows
α =
[
exp
(
0.49σ2R
(1 + 0.65ξ2 + 1.11σ
12/5
R )
7/6
)
− 1
]−1
, (2.20a)
β =
exp
 0.51σ2R(1 + 0.69σ12/5R )−5/6(
0.62ξ2σ
12/5
R + 0.9ξ
2 + 1
)5/6
− 1

−1
. (2.20b)
It must be emphasized that parameters α and β cannot arbitrarily be chosen in FSO ap-
plications since both parameters are related to Rytov variance. The SI can be computed
as
σ2Ia =
1
α
+
1
β
+
1
αβ
. (2.21)
It must be noted that the PDF in Eq. (2.18) contains other statistical atmospheric turbu-
lence models adopted in strong turbulence such as the K distribution (β = 1 and α > 0)
and the negative exponential distribution (β = 1 and α→∞). From the scintillation index
point of view, it is easy to deduce the fact that the strength of atmospheric turbulence
represented by the GG turbulence model with channel parameters β = 1 and increasing α
tends to be closer and closer to 1, i.e., the corresponding SI of the negative exponential
atmospheric turbulence model.
Exponentiated Weibull (EW) Model
Atmospheric turbulence is also modeled using the EW distribution in order to consider a
wide range of turbulence conditions (weak-to-strong) as well as aperture averaging conditions
i.e., when the condition D ≥ ρc holds. The corresponding PDF was derived in [40, eqn. (7)]
as follows
fIa(i) =
m1m2
m3
(
i
m3
)m2−1
× exp
(
−
(
i
m3
)m2){
1− exp
(
−
(
i
m3
)m2)}m1−1
, i ≥ 0
(2.22)
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where m2 > 0 is a shape parameter related to the SI, m3 > 0 is a scale parameter related to
the mean value of the irradiance, and m1 > 0 is an extra shape parameter that is strongly
dependent on the receiver aperture size. By fitting the EW turbulence model to simulated
or experimental PDF data, several specific values of the parameters m1, m2 and m3 as
well as some expressions for evaluating these parameters have been obtained in [40, 41].
In this thesis, expressions obtained in [41, eqs. (20)-(22)] are used for moderate-to-strong
turbulence conditions. The corresponding expressions of the EW parameters are given as a
function of the SI as follows
m1 =
7.220σ
2/3
Ia
Γ
(
2.487σ
2/6
Ia
)
− 0.104
, (2.23a)
m2 = 1.012(m1σ
2
Ia)
−13/25 + 0.142, (2.23b)
m3 =
1
m1Γ (1 + 1/m2) g1(m1,m2)
, (2.23c)
where gn(m1,m2) is defined as follows
gn(m1,m2) =
∞∑
k=0
(−1)kΓ(m1)
k!(k + 1)1+n/m2Γ(m1 − k)
. (2.24)
It must be noted that the above expressions are valid when AA < 0.9 [41]. At the same
time, we can express the SI as a function of the EW parameters as
σ2Ia =
Γ
(
1 + 2m2
)
g2(m1,m2)
a
(
Γ
(
1 + 1m2
)
g1(m1,m2)
)2 − 1. (2.25)
2.3 FSO Channel Modeling
2.3.1 Atmospheric Attenuation
The atmospheric turbulence along with absorption and scattering are the three basic pro-
cesses that affect optical wave propagation. The two phenomena that produce optical power
attenuation in optical wave propagation are absorption and scattering. Both of them are
wavelength and weather dependent. During the absorption process, atmospheric molecules
absorb energy from incident photons. Scattering is the result of photons colliding with atmo-
spheric particles [12,13]. Unlike the absorption process, there is no loss of energy during the
scattering process, only a directional redistribution of energy that may result in a significant
reduction in beam intensity for longer distances. There are two kinds of scattering according
to the physical size: Rayleigh scattering and Mie scattering. The first one is produced by
haze and air molecules that are smaller than wavelength, and the second one is produced by
particles that present a size quite similar to wavelength. Note that the atmospheric effects
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Table 2.1: Values of q for different visibility conditions.
Visibility q
V > 50 km 1.6
6 km < V < 50 km 1.3
V < 6 km 0.585V −1/3
are a consequence of using shorter wavelengths. The atmospheric attenuation has been well
studied in the literature.
The attenuation of laser power through atmosphere is determined by the exponential Beers-
Lambert law as follows
L(dm) =
P (dm)
P (0)
= exp (−Φdm) , (2.26)
where L(dm) is the loss over a propagation link of length dm, P (0) is the laser power at the
transmitter, P (dm) is the laser power at a distance dm, and Φ is the atmospheric attenuation
coefficient described in [52]. The path loss is considered as a deterministic factor that
depends on size and distribution of the atmosphere particles and wavelength. Furthermore,
this factor is expressed in terms of the visibility, which can be measured directly from the
atmosphere. A formula to compute the attenuation coefficient is given in [52]:
Φ =
3.91
V
(
λ
550× 10−9
)−q
, (2.27)
where V is the visibility, and q is the size distribution of the particles related to visibility as
can be seen in Table 2.1.
2.3.2 Dynamic Misalignment Statistical Model
FSO communication links are strongly affected by pointing errors, resulting in serious mis-
alignment of fixed-position laser communication systems. An accurate alignment between
transmitter and receiver is required [10,22,53]. Pointing accuracy is a critical issue in deter-
mining link performance and reliability and they can be arisen due to many different factors
such as building sway and mechanical errors. Firstly, building sway is due to wind loads,
differential heating and cooling, or ground motion over time that can result in an impor-
tant misalignment error [24, 54]; secondly, mechanical errors are due to errors in tracking
systems or mechanical vibrations present in the FSO system [55]. Due to the narrowness
of the optical beam and the fact that aperture receivers have a limited field of view (FOV),
building sway can even lead to link outages [22]. Hence, pointing errors play an important
role in channels fading characteristics.
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Statistical modeling of the pointing errors have been studied in the literature. In this thesis,
a general misalignment fading model given in [53] by Farid and Hranilovic is used as the
cornerstone of pointing error models, where the effect of beam width, detector size and jitter
variance is considered. In this way, the attenuation due to geometric spread and pointing
errors can be approximated, as in [53], by
Ip(r; z) ≈ A0 exp
(
− 2r
2
ω2zeq
)
, r ≥ 0, (2.28)
where v =
√
pia/
√
2ωz, A0 = [erf(v)]
2 is the fraction of the collected power at r = 0, a = D/2
is the radius of a circular detection aperture, and ω2zeq = ω
2
z
√
pierf(v)/2v exp(−v2) is the
equivalent beam width. The beam width ωz can be approximated by ωz = θz, where θ is
the transmit divergence angle describing the increase in beam radius with distance from the
transmitter. The approximation in Eq. (2.28) is in good agreement with the exact value
when the beam width ωz > 6a, as shown in [53, appendix]. The approximate expression for
Ip can even be used when ωz < 6a but obtaining a normalized mean-squared error (NMSE)
NMSE > 10−3.
The radial displacement r at the receiver plane can be expressed as r2 = x2 + y2, where x
and y represent the horizontal displacement and the elevation, respectively. Moreover, the
radial displacement is distributed according to a Rayleigh distribution when x and y are
modeled as independent Gaussian RVs with zero means and same jitters for the horizontal
displacement and the elevation, i.e. x ∼ N(0, σs) and y ∼ N(0, σs), whose PDF is given by
fr(r) =
r
σ2s
exp
(
− r
2
2σ2s
)
. r ≥ 0. (2.29)
Thus, combining Eq. (2.28) and Eq. (4.28), the corresponding PDF of the irradiance Ip is
obtained as follows
fIp(i) =
ϕ2
Aϕ
2
0
iϕ
2−1, 0 ≤ i ≤ A0 (2.30)
where ϕ = ωzeq/2σs is the ratio between the equivalent beam radius at the receiver and the
pointing error displacement standard deviation (jitter) at the receiver. This pointing error
model and its corresponding derivation can be seen in greater detail in [53].
Note that this pointing error model does not take into account the effect of nonzero boresight,
which will be addressed later. In that model, the radial displacement r at the receiver follows
a lognornal-Rice distribution, and it was presented in [56]. This effect and other ones such
as different jitters for the horizontal displacement and the elevation and correlated sways
will take into consideration in Chapter 4.
2.3.3 Composite Fading Channel
Before computing the probability distribution of the channel I, some comments about con-
sidering atmospheric turbulence and pointing errors statistically independent are required.
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As we know well, pointing errors are due to building sway and, hence, the correlation time
is on the order of a few seconds [57], which is bigger than correlation time of the atmo-
spheric turbulence (10-100 ms). Hence, both effects can be considered to be statistically
independent.
The probability distribution of the channel I = L · Ia · Ip can be expressed as follows
fI(i) =
∫ ∞
i/A0L
fI|Ia(i|ia)fIa(ia)dia, (2.31)
where fI|Ia(i|ia) is the conditional probability given an atmospheric turbulence state, fIa(ia)
is the corresponding PDF of atmospheric turbulence, and L acts as a scaling factor. In this
way, the conditional probability is expressed as
fI|Ia(i|ia) =
1
L · ia fIp
(
i
L · ia
)
=
ϕ2
(Lia)A
ϕ2
0
(
i
L · ia
)ϕ2−1
, 0 ≤ i ≤ A0Lia
(2.32)
The integral in Eq. (2.32) can be computed by substituting the corresponding statisti-
cal model of atmospheric turbulence. In GG atmospheric turbulence, we can substitute
Eq. (2.18) and Eq. (2.32) into Eq. (2.31), resulting in
fI(i) =
ϕ22(αβ)
α+β
2
(LA0)ϕ
2Γ(α)Γ(β)
iϕ
2−1
∫ ∞
i/A0L
i
α+β
2
−ϕ2−1
a Kα−β
(
2
√
αβia
)
dia. (2.33)
In order to solve the above integral, we can express the function Kν(·) in terms of the Meijer’s
G-function (See Appendix A.3.1) and, then, we can use [58, eqn. (07.34.21.0085.01)] (See
Appendix A.3.2) to obtain the corresponding closed-form expression of the combined PDF
of I as follows
fI(i) =
ϕ2i−1
Γ(α)Γ(β)
G3,01,3
(
αβ
A0L
i
∣∣∣∣∣ ϕ2 + 1ϕ2, α, β
)
, i ≥ 0 (2.34)
where Gm,np,q [·] is the Meijer’s G-function (See Appendix A.3). The corresponding cumulative
distribution function (CDF) is given by
FI(i) = Prob(I ≤ i) =
∫ i
0
fI(x)dx =
ϕ2
Γ(α)Γ(β)
∫ i
0
i−1G3,01,3
(
αβ
A0L
i
∣∣∣∣∣ ϕ2 + 1ϕ2, α, β
)
di. (2.35)
The above integral can be derived by using [59, eqn. (1.16.2.1)] (See Appendix A.3.2) as
follows
FI(i) =
ϕ2
Γ(α)Γ(β)
G3,12,4
(
αβ
A0L
i
∣∣∣∣∣ 1, ϕ2 + 1ϕ2, α, β, 0
)
, i ≥ 0. (2.36)
It must be noted that the above equations appear to be cumbersome to use in order to obtain
simple closed-form expressions in the analysis of FSO communication systems, resulting in
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numerical solutions that obscure the impact of channel and FSO system parameters on
performance. To overcome this inconvenience, the PDF in Eq. (2.34) can be approximated
by using the first term of the Taylor expansion at i = 0 as fI(i) = ai
b−1 +O(ib) [60], which
can provide a deeper insight on how atmospheric turbulence and pointing errors deteriorate
the performance of FSO communication systems. In this way, the PDF in Eq. (2.34) is
approximated by a single polynomial term as follows
fI(i)
.
= aib−1, i ≥ 0 (2.37)
based on the fact that the asymptotic behavior of the system performance is dominated
by the behavior of the PDF near the origin, i.e. fI(i) at i → 0 determines high SNR
performance [60]. The parameter a is a positive constant, and the parameter b quantifies
the order of smoothness of fI(i) at the origin. The high SNR approximations are especially
useful for performance analysis of FSO communication systems, where severe fading renders
necessary a large SNR for achieving a target in terms of the BER and outage probability.
Hence, we can obtain the following asymptotic expression for the PDF of GG atmospheric
turbulence model in Eq. (2.34) as
fI(i)
.
= aib−1 =

ϕ2(αβ)min(α,β)Γ(|α−β|)
(A0L)
min(α,β)Γ(α)Γ(β)(ϕ2−min(α,β)) i
min(α,β)−1, ϕ2 > min(α, β)
ϕ2(αβ)ϕ
2
Γ(α−ϕ2)Γ(β−ϕ2)
(A0L)
ϕ2Γ(α)Γ(β)
iϕ
2−1. ϕ2 < min(α, β)
(2.38)
It is noteworthy to mention that the above asymptotic expression is dominated by b− 1,
i.e., min(α, β, ϕ2)− 1. Hence, different expressions for a and b are derived in Eq. (2.38)
depending on the relation between ϕ2 and min(α, β). In plane wave propagation, it is
demonstrated that the relation α > β is always satisfied and, hence, β is lower bounded
above 1 as turbulence strength increases [61]. In this case, the asymptotic expression given in
Eq. (2.38) is dominated by min(β, ϕ2)− 1. The corresponding asymptotic CDF is obtained
as follows
FI(i) =
∫ i
0
fI(x)dx
.
=
a
b
ib, i ≥ 0. (2.39)
The asymptotic behavior has been applied to the combined effect of atmospheric turbulence
(GG in this case) and pointing errors (I), but this procedure can directly be applied to
atmospheric turbulence (Ia) as long as this one can always be expanded into Maclaurin series.
For instance, both GG and EW atmospheric turbulence can be expanded into Maclaurin
series, among others. In the case of GG atmospheric turbulence, Ia can be expressed as
fIa(i)
.
= aib−1 =
(αβ)min(α,β)Γ(|α− β|)
Γ(α)Γ(β)
imin(α,β)−1, i ≥ 0. (2.40)
2.4 Performance of FSO Communication Systems
The measurement of the performance in FSO communication systems has always been
a subject of real interest. The SNR is a common measure of system performance, but
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there are other metrics, which are able to provide a better performance in communications,
such as probability of error, outage probability and channel capacity. The performance of
FSO communication systems is usually quantified in terms of the BER. At the same time,
outage probability is another performance metric that is defined as the probability that SNR
falls below a certain specified threshold. Finally, the performance of FSO communication
systems is measured in terms of ergodic capacity, which basically provides information about
the limiting error-free information rate that can be achieved. Unlike outage probability
and ergodic capacity, the BER is the only metric that depends on the modulation scheme
employed by the FSO communications system.
The main difficulties when evaluating these performance metrics lie on the fact that the
PDF of the irradiance might not be known in closed-form when a generalized pointing
errors model is assumed. In this way, there are no available closed-form expressions for the
BER, outage probability and ergodic capacity. The performance analysis is restricted to the
numerical evaluation.
In this section, the performance of an FSO link over GG atmospheric turbulence channels
with zero boresight pointing errors is analyzed in terms of the BER, outage probability and
ergodic capacity in order to establish the baseline performance.
2.4.1 Bit Error-Rate (BER) Performance Analysis
The BER of IM/DD systems with OOK modulation in the presence of AWGN and assuming
perfect channel state information (CSI) at the receiver is given by
Pb(e|i) = Pb(0)Pb(e|0) + Pb(1)Pb(e|1), (2.41)
where Pb(0) and Pb(1) are the probabilities of sending 0 and 1 bits, respectively, and Pb(e|0)
and Pb(e|1) denote the conditional bit error probability when the transmitted bit is 0 and
1, respectively. Assuming each bit is equally likely, the conditional BER at the receiver is
given by
Pb(e|i) = Q
(
dE
2σn
i
)
= Q
(
2Pt
√
Tb
2
√
N0/2
i
)
= Q
√2P 2t Tb
N0
i
 = Q(√2γi) , (2.42)
where Q(·) is the Gaussian Q-function defined as Q(x) = (1/2pi) ∫∞x exp (−t2/2) dt, and
γ = P 2t Tb/N0 is the received electrical SNR in absence of turbulence. Hence, the average
BER Pb can be obtained by averaging Pb(e|i) over the combined PDF fI(i) as follows
Pb =
∫ ∞
0
Q
(√
2γi
)
fI(i)di, (2.43)
where fI(i) is given by Eq. (2.37). To evaluate the integral in Eq. (2.43), we can use that the
Q-function is related to the complementary error function erfc(·) by erfc(x) = 2Q(√2x) [62,
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eqn. (6.287)] and, then, we can use [62, eqn. (6.281)] (See Appendix A.9), obtaining an
asymptotic closed-form expression for a generic average BER as follows
Pb
.
=
[(
aΓ((b+ 1)/2)
2b
√
pi
)− 2
b
· γ
]− b
2
, (2.44)
where the parameters a and b depend on the atmospheric turbulence and pointing errors.
Interestingly, it is straightforward to show that the average BER behaves asymptotically as
Pb
.
= (Gcγ)
−Gd , (2.45)
where Gd and Gc denote diversity order and coding gain, respectively [60]. At high SNR,
the diversity order determines the slope of the BER versus average SNR curve in a log-log
scale, and the coding gain (in decibels) determines the shift of the curve in SNR.
It can be observed that the diversity order is independent of pointing errors when the re-
lation ϕ2 > min(α, β) holds, i.e., atmospheric turbulence is the dominant effect in relation
to pointing errors. In other words, the diversity order only depends on atmospheric turbu-
lence when larger amounts of misalignment are not assumed. It can be shown that most
practical terrestrial FSO systems operate under the condition of atmospheric turbulence is
the dominant effect. It must also be mentioned that a much higher diversity order can be
achieved under this condition and, hence, a much better BER performance is obtained. As
a result, the adoption of the transmitter with accurate control of their beam width is espe-
cially important here to satisfy this desired FSO scenario in order to maximize the diversity
order.
2.4.2 Outage Performance Analysis
The outage probability, Pout, can be defined as the probability that the instantaneous com-
bined SNR, γT , falls below a certain specified threshold, γth, that is
Pout := P (γT ≤ γth) =
∫ γth
0
fγT (i)di, (2.46)
where γT is the resulting received electrical SNR given by
γT (i) =
1
2
d2E
N0/2
i2 =
4P 2t Tb
N0
i2 = 4γi2. (2.47)
By using Eq. (2.46), the outage probability can be written as
Pout = P (4γi
2 ≤ γth) =
∫ √γth/4γ
0
fI(i)di = FI
(√
γth
4γ
)
, (2.48)
where Pout represents the exact closed-form solution for the outage probability. In the case
of GG atmospheric turbulence, FI
(√
γth
4γ
)
is expressed according to Eq. (2.36). Similar to
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BER, Pout can also be expressed in terms of its asymptotic behavior by using Eq. (2.37) as
follows
Pout
.
=
∫ √γth/4γ
0
aib−1di =
[( a
b2b
)− 2
b · γ
γth
]− b
2
. (2.49)
In this way, the outage probability also behaves asymptotically as
Pout
.
= (Ocγ)
−Od , (2.50)
where Od and Oc denote outage diversity and coding gain, respectively [60]. As in BER
performance, the outage diversity determines at high SNR the slope of the outage probability
versus average SNR curve in a log-log scale and the coding gain (in decibels) determines the
shift of the curve in SNR. Note that the same conclusions drawn from the BER performance
about diversity order can be applied to outage diversity.
2.4.3 Ergodic Capacity Analysis
Assuming instantaneous CSI at the receiver, the ergodic capacity of FSO links in bps is
given by Shannon’s well-known expression [63]
C =
B
2 ln(2)
∫ ∞
0
ln
(
1 + 4γi2
)
fI(i)di, (2.51)
where B is the channel bandwidth, ln(·) is the natural logarithm [62, eqn. (1.511)], and
fI(i) is the combined PDF of atmopsheric turbulence and pointing errors. It should be
noted that the factor 1/2 in Eq. (2.51) is because the transmitter is assumed to operate
in half-duplex mode and, hence, we consider a transmission in one direction at a time. By
other hand, this analysis can be extended to full-duplex transmission, i.e., both directions
simultaneously. Now, we solve the integral in Eq. (2.51) for GG atmospheric turbulence as
given in Eq. (2.34). This integral can be solved using [59, eqn. (8.4.6.5)] in order to express
the natural logarithm in terms of the Meijer’s G-function (See Appendix A.3.1) and, then,
we can use [58, eqn. (07.34.21.0013.01)]. Hence, the closed-form expression for the ergodic
capacity of an FSO link in bits/s/Hz is given by
C/B =
ϕ22α+β−4
pi ln(2)Γ(α)Γ(β)
G1,88,4
(
64A20L
2γ
α2β2
∣∣∣∣∣ 1, 1, 1−α2 , 2−α2 , 1−β2 , 2−β2 , 1−ϕ
2
2 ,
2−ϕ2
2
1, 0,−ϕ22 , 1−ϕ
2
2
)
. (2.52)
An asymptotic analysis can be performed in order to obtain a simpler closed-form expression
for the ergodic capacity of FSO links. An asymptotic expression at high SNR is easily and
accurately lower-bounded due to the fact that ln(1 + z) ≈ ln(z) when z →∞ as follows
C/B
.
=
1
ln(4)
∫ ∞
0
ln
(
4γi2
)
fI(i)di. (2.53)
By applying the following identity: ln(a · b) = ln(a) + ln(b) in Eq. (2.53) as
ln
(
4γi2
)
= ln (4γ) + 2 ln(i), (2.54)
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the integral in Eq. (2.53) can be written as follows
C/B
.
=
ln(4γ)
ln(4)
+
1
ln(2)
∫ ∞
0
ln(i)fI(i)di. (2.55)
Another way of obtaining the ergodic capacity of FSO communication systems at high SNR
is via utilizing moments method which was presented for the first time in [64, Eqs. (8) and
(9)]. Knowing that atmospheric turbulence and pointing errors are statistically independent,
the integral in Eq. (2.55) can be rewritten as follows∫ ∞
0
ln(i)fI(i)di =
∫ ∞
0
∫ A0
0
ln(L · ia · ip)fIa(ia)fIp(ip)diadip = ln(L)
+
∫ ∞
0
ln(ia)fIa(ia)dia︸ ︷︷ ︸
INT1
+
∫ A0
0
ln(ip)fIp(ip)dip︸ ︷︷ ︸
INT2
= ln(L) + INT1 + INT2.
(2.56)
To evaluate the integral INT1 for GG atmospheric turbulence, we can use that the function
Kν(·) is related to the function Jν(·) and, then, we can also use that the function Jν(·)
is related to the function Iν(·) (See Appendix A.8). Next, using [62, eqn. (6.771)] (See
Appendix A.9) and, performing some algebraic manipulations, we can express INT1 as
follows
INT1 = ln
(
1
αβ
)
+ ψ(α) + ψ(β), (2.57)
where ψ(·) is the psi (digamma) function (See Appendix A.4). Secondly, INT2 is obtained
as follows (See Appendix A.10)
INT2 =
∫ A0
0
ln(ip)fIp(ip)dip = ln(A0)−
1
ϕ2
. (2.58)
Finally, the asymptotic expression for the corresponding ergodic capacity of an FSO link in
bits/s/Hz is expressed as
C/B
.
=
ln(4γ)
ln(4)
+
1
ln(2)
(
ln(L) + ln
(
1
αβ
)
+ ψ(α) + ψ(β) + ln(A0)− 1
ϕ2
)
. (2.59)
The above expression is identical to the asymptotic expression obtained in [65, eqn. (24)] by
applying the moments method. Similar to BER and outage performance, some comments
can be drawn from this asymptotic analysis. Firstly, it can be deduced from the asymptotic
analysis at high SNR that the shift of the ergodic capacity versus SNR is more relevant
than the slope of the curve in SNR compared with BER and outage probability. This shift
can be interpreted as an improvement on ergodic capacity in order to maintain the same
performance in terms of capacity with less SNR.
2.5 Summary
In this chapter, we have reviewed the theory of optical wave propagation through a random
media, i.e. atmosphere, as well as the mathematical tools used in the performance analysis
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of SISO FSO communication systems. These mathematical tools will be used in the follow-
ing chapters to study the ergodic capacity of MISO, SIMO, MIMO and cooperative FSO
systems in Chapter 3 as well as the effect of generalized pointing errors on BER and outage
performance in Chapter 4.
On the one hand, we have introduced some concepts and assumptions that will be assumed
throughout the thesis. The channel model of any FSO link is given in Eq. (2.4) where the
irradiance is considered to be a product of three factors: atmospheric path loss, atmospheric
turbulence, and pointing errors. Different statistical models for atmospheric turbulence have
been presented where GG distribution is the main model assumed in this thesis. Other
models such as LN and EW distributions will also be assumed in some specific cases. At the
same time, a zero boresight pointing error model has also been presented where the effect
of beam width, detector size and jitter variance are considered. This statistical model will
be used to develop a generalized pointing error model in Chapter 4.
On the other hand, performance metrics such as BER, outage probability and ergodic ca-
pacity have been analyzed in detail for a SISO FSO system over GG atmospheric turbulence
channels with zero boresight pointing errors. The FSO channel is based on IM/DD schemes
and OOK modulation, and the parameters related to atmospheric turbulence are computed
by assuming plane wave propagation.
Finally, to check the validity of the analytical expressions obtained in this thesis, Monte
Carlo simulation results have always been included. Generally, the simulation of a commu-
nication system requires the generation of sampled values of all input RVs to estimate the
system performance from the output samples [66]. Nevertheless, Monte Carlo simulations
involve the generation and processing of large numbers of samples and, hence, computational
efficiency of random number generators is extremely important. In this way, quasianalytical
Monte Carlo simulation methods are widely used to reduce the simulation time, where not
all input processes into the system are simulated explicitly, providing a complete curve of
BER as a function of SNR. In applying a qauasianalytical technique, we can make use of
the idea of an equivalent noise source. In this way, a simulation model for FSO communica-
tion systems to estimate BER performance is stated as follows. The random binary source
follows a Bernouilli distribution, i.e. each bit occurs with probability of 1/2, at a rate of
1/Tb bits per second. Next, an OOK modulator is implemented in order to generate the
corresponding waveform where a rectangular shape pulse is used. In baseband modulation,
the output waveform takes predefined values corresponding to a 1 or 0, i.e., either 0 or 2Pt.
The FSO channel is modeled according to Eq. (2.4). At the receiver side, the transmitted
signal is detected using a matched filter whose impulse response matched to the considered
pulse shape. This filter is optimal in the sense of maximizing the sampled SNR. The best
decision rule to use
’
in the sense of minimizing the probability of symbol error
’
is the ML
detector.
Chapter 3
Ergodic Capacity Analysis
The study of ergodic capacity for terrestrial FSO links is addressed in this chapter. New
results are derived in the fields of MISO, SIMO and MIMO FSO communication and coop-
erative FSO systems, presenting novel approximate closed-form expressions for the capacity
over GG fading channels mainly with pointing errors.
3.1 Motivation
Over the last decade, a remarkable variety of works have been reported wherein the ergodic
capacity is analyzed over different statistical models to describe the irradiance of FSO links
and under the presence of pointing error effects [65,67–72]. Ergodic capacity, also known as
average channel capacity, defines the maximum data rate that can be sent over the channel
with asymptotically small error probability, without any delay or complexity constraints [73].
The study of ergodic capacity for terrestrial FSO links has generated considerable contro-
versy in the literature due to the physical characteristics of atmospheric turbulence. It is
commonly known that atmospheric turbulence channels are well described as slow fading
or block fading channels and, hence, outage capacity becomes a more realistic measure of
channel capacity than ergodic capacity in FSO systems. However, ergodic capacity can
be perfectly applied to terrestrial FSO links when some aspects related to the information
theory are considered:
(a) The FSO channel is assumed to be memoryless, stationary and ergodic, with indepen-
dent and identically distributed intensity fast fading statistics. In spite of scintillation
is a slow time varying process relative to typical symbol rates of an FSO system, having
a coherence time on the order of milliseconds, this approach is valid because temporal
correlation can in practice be overcome by means of long interleavers [67,74–77]. This
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assumption has to be considered like an ideal scenario where the latency introduced
by the interleaver is not an inconvenience for the required application.
(b) Ergodic capacity is also applicable to slowly varying (block-fading) channels, i.e. ter-
restrial FSO links, when the message is long enough to reveal long-term ergodic prop-
erties of the turbulence process [78]. This fact was taken into account in [79] in the
context of FSO communication systems.
(c) The ergodic capacity for terrestrial FSO links based on IM/DD systems represents a
lower bound as given in [80] by Lapidoth.
(d) The effect of atmospheric turbulence is studied along with pointing error effects, which
typically lead to an increase in the signal fluctuation rate. Additionally, the ergodic
capacity analysis is a great challenge.
3.2 Related Work
Ergodic capacity analysis has attracted a notable interest in both cooperative and non-
cooperative FSO communication systems. It is well known that both MISO, SIMO and
MIMO structures can be employed to reduce scintillation and therefore improve FSO channel
capacity. To the best of our knowledge, just a few works have studied the ergodic capacity
in the context of MISO, SIMO and MIMO FSO communication systems only taking into
account the effect of atmospheric turbulence, i.e., without considering the effect of pointing
errors [81–85]. In [81], a closed-form expression for the average capacity of MIMO FSO
systems with equal gain combining (EGC) reception is obtained over LN fading channels
without pointing errors. In [82], the ergodic capacity of MIMO FSO systems is investigated
over strong turbulence channels by using a single GG approximation [86]. In [83], closed-
form expressions for the average capacity of MIMO FSO channels with EGC and maximum
ratio combining (MRC) reception are obtained over GG fading channels without pointing
errors. In [84], the effect of MIMO FSO systems under aperture averaging conditions on
the ergodic capacity over GG fading channels is studied and compared for different weather
conditions. In [85], the ergodic capacity of MIMO FSO systems with EGC reception is
studied over GG fading channels without pointing errors by using the α-µ distribution [87].
However, to the best of the our knowledge, the combined effect of atmospheric turbulence
and misalignment fading has not been taken into account on the ergodic capacity analysis
of MISO, SIMO and MIMO FSO communication systems.
Regarding cooperative FSO systems, a few researchers have addressed the study of the
ergodic capacity in this regard [88–93]. In [88], the end-to-end ergodic capacity of dual-
hop FSO system employing amplify-and-forward (AF) relaying is evaluated over GG fading
channels with pointing errors by approximating the PDF of the end-to-end SNR by the
α-µ distribution. In [89], a cooperative FSO system is analyzed where an approximate
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expression for the ergodic capacity is obtained over LN and GG fading channels when the
best user is selected. In [90], the channel capacity of a DF-based dual-hop FSO system is
studied over GG fading channels with pointing errors. In [91,92], the capacity performance
of a subcarrier intensity modulation (SIM)-based dual-hop FSO system with DF and AF
relaying is evaluated over GG fading channels with pointing errors. The results are obtained
in terms of special function known as generalized bivariate Meijer’s G-function (GBMGF).
In [93], a relay system over asymmetric links composed of both Nakagami-m and GG fading
is studied where a closed-form expression for the ergodic capacity is also presented in terms
of the GBMGF.
In the light of the related work, on the one hand, there are no closed-form expressions that
study the ergodic capacity of MISO, SIMO and MIMO FSO systems under the presence
of pointing errors. On the other hand, there are no reported works that study the ergodic
capacity of cooperative FSO systems based on DF relaying when LOS is available.
3.3 Structure
The remainder of this chapter is organized as follows. In Section 3.4 the analysis of the
ergodic capacity of MISO FSO systems is carried out over GG atmospheric turbulence
channels with zero boresight pointing errors. In Section 3.5 the analysis of the ergodic ca-
pacity of SIMO and MIMO FSO systems is performed over different atmospheric turbulence
channels such as GG, LN and EW distributions with nonzero boresight pointing errors. The
nonzero boresight pointing error model is briefly reviewed at the beginning of that section,
highlighting some differences with respect to the zero boresight pointing error model. In
Section 3.6 the analysis of the ergodic capacity of two different DF relaying schemes is also
performed over GG atmospheric turbulence channels with zero boresight pointing errors.
Finally, this chapter is concluded in Section 3.7.
3.4 Ergodic Capacity of MISO FSO Systems
In this section, the ergodic capacity of MISO FSO systems is studied. To the best of our
knowledge, the study of the ergodic capacity of MISO FSO systems was never taken into
account in the literature. In this way, this research problem is addressed in this thesis,
presenting new results for the optics community. The ergodic capacity is analyzed over GG
atmospheric turbulence channels with zero boresight pointing errors.
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3.4.1 System Model
Let us adopt a MISO FSO system with M transmitters or laser sources (M ≥ 1), and a
single receiver, as shown in Fig. 3.1.
Signal
Processing
and coding
Laser 1
Laser 2
...
..
Laser M
Receiver
Figure 3.1: Block diagram of the considered MISO FSO communications system.
Before starting the analysis, some assumptions must be commented:
(a) The receiver is assumed to be centered at the origin. In addition, the laser sources
and the receiver are physically situated so that all transmitters are simultaneously
observed by the receiver.
(b) The laser sources are separated by a fixed distance so that uncorrelated fading can be
considered. The latter is due to the fact that diversity techniques are most efficient
under the condition of uncorrelated fading. It is assumed that the spacing among
transmitters is sufficiently larger than the atmospheric coherence length r0, then un-
correlated fading can be considered [94, 95]. In contrast to spatial diversity for RF
systems, spatial diversity for FSO systems is readily deployed since the atmospheric
coherence length is of the order of centimeters.
(c) The EGC reception technique is adopted due to its lower implementation complexity
even maintaining a relevant performance in FSO links [96,97].
3.4.2 Performance Analysis
In this section, the ergodic capacity of MISO FSO systems is evaluated over GG fading
channels with zero boresight pointing errors. When the EGC reception is used, the statistical
channel model can be written as
Y = X
1
M
M∑
k=1
Ik + Z, Z ∼ N(0, N0/2), (3.1)
where Ik represents the equivalent irradiance through the optical channel between the kth
transmit aperture and the photodetector. Here, the division by M is considered in Eq. (3.1)
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to maintain the average optical power in the air at a constant level of Pt, being transmitted
by each laser an average optical power Pt/M . In this way, the total transmit power is the
same as in an FSO system with no transmit diversity, i.e. direct path link or SISO FSO
system. The resulting received electrical SNR γMISO can be defined as follows
γMISO =
1
2
(
2Pt
√
Tb/M
)2
N0/2
(
M∑
k=1
Ik
)2
=
4P 2t Tb
M2N0
I2T =
4γ
M2
I2T , (3.2)
where IT is the total channel gain. Assuming instantaneous CSI at the receiver, the ergodic
capacity of the considered MISO FSO system in bits/s/Hz can be obtained as in Eq. (2.51)
as follows
CMISO/B =
1
2 ln(2)
∫ ∞
0
ln
(
1 +
4γ
M2
i2
)
fIT (i)di, (3.3)
where fIT (i) is the PDF of the sum of M GG with zero boresight pointing errors vari-
ates which are statistically independent but not necessarily identically distributed, i.e.,
IT = I1 + I2 + · · ·+ IM . It should be noted that obtaining the PDF of IT is remarkably
tedious and not easily tractable due to the difficulty in finding its statistics. Hence, a
lower bound (LB) for this sum can be obtained by using the well-known inequality between
arithmetic mean (AM) and geometric mean (GM) given by
AM ≥ GM, (3.4)
where AM = (1/M)
∑M
k=1 Ik and GM =
M
√∏M
k=1 Ik are the arithmetic and geometric
means, respectively. Therefore, a lower bound for the sum of M GG with pointing errors
variates is obtained as
IT =
M∑
k=1
Ik ≥M M
√√√√F · M∏
k=1
Ik = M
M
√
F · ILB. (3.5)
Note that the PDF of the product of M GG with pointing errors variates fILB (i), i.e. the
PDF of ILB, is mathematically more tractable than fIT (i) and can efficiently be applied to
the analysis of the ergodic capacity of MISO FSO communication systems. From Eq. (3.5),
it can easily be deduced that the mathematical expectation in both sides of the inequality
takes different values and, hence, a correcting factor F must be added to the inequality in
order to maintain the same value in both sides. In fact, the correcting factor F is added to
Eq. (3.5) in order to obtain a strict approximation of this ergodic capacity. The correcting
factor F can be derived from Eq. (3.5) as follows
F =
E
[∑M
k=1 Ik
]M
MM · E
[
M
√∏M
k=1 Ik
]M . (3.6)
In addition, F only depends on channel parameters (See Appendix B.1). Substituting
Eq. (3.5) into Eq. (3.3) and, after performing some algebraic manipulations, the ergodic
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capacity of MISO FSO systems can be accurately approximated as follows
CMISO/B ≈ 1
ln(4)
∫ ∞
0
ln
(
1 + 4γ (i · F ) 2M
)
fILB (i)di. (3.7)
The PDF fILB (i) can be derived in closed-form via inverse Mellin transform, which is an
essential tool in studying the distribution of products and quotients of independent RVs (See
Appendix A.7). The importance of the Mellin transform in probability theory lies in the fact
that if Ik for k = {1, 2, . . . ,M} are M independent RVs, then the Mellin transform of their
product is equal to the product of the Mellin transforms of Ik for k = {1, 2, . . . ,M} [98].
Hence, a closed-form expression for the PDF of ILB can be expressed in terms of the Meijer’s
G-function by employing the definition of the Mellin transform as follows (See Appendix
A.7.1)
fILB (i) =
i−1
∏M
k=1 ϕ
2
kG
3M,0
M,3M
(∏M
k=1
αkβk
A0kLk
i
∣∣∣∣∣ ϕ21 + 1, . . . , ϕ2M + 1ϕ21, α1, β1, . . . , ϕ2M , αM , βM
)
∏M
k=1 Γ(αk)Γ(βk)
. (3.8)
The integral in Eq. (3.7) can be solved with the help of [59, eqn. (8.4.6.5)] in order to
express the natural logarithm in terms of the Meijer’s G-function (See Appendix A.3.1)
and, then, we can obtain the approximate closed-form expression for the ergodic capacity of
MISO FSO systems by using [58, eqn. (07.34.21.0012.01)] (See Appendix A.3.2) as follows
CMISO/B
.
=
∏M
k=1 ϕ
2
kH
1,2+3M
2+3M,2+M
(
4γ M
√
F
(∏M
k=1
A0kLk
αkβk
) 2
M
∣∣∣∣∣ (1, 1), (1, 1), ξ1(1, 1), ξ2, (0, 1)
)
ln (4)
∏M
k=1 Γ(αk)Γ(βk)
, (3.9)
where ξ1 = {(1−ϕ21, 2M ), (1−α1, 2M ), (1−β1, 2M ), . . . , (1−ϕ2M , 2M ), (1−αM , 2M ), (1−βM , 2M )},
ξ2 = {(−ϕ21, 2M ), . . . , (−ϕ2M , 2M )}, and Hm,np,q [·] is the H-Fox function (See Appendix A.5).
A computer program in Mathematica for the efficient implementation of the H-Fox func-
tion is given in [99, Appendix A] since this function is not available in software packages
such as MapleTMand Wolfram MathematicaTM. Note that the above expression reduces
to Eq. (2.52) when M is set to 1 and, hence, F is also equal to 1. Nevertheless, results
obtained via H-Fox function will be checked through Monte Carlo simulation.
In order to observe how atmospheric turbulence and pointing errors impact on the ergodic
capacity of MISO FSO communication systems, an asymptotic expression is derived to
provide a deeper insight. It should be mentioned that an asymptotic ergodic expression
can be derived from Eq. (3.9) by using the corresponding series expansion of the H-Fox
function [100, Chapter 1]. However, this ergodic capacity analysis might not result in a
closed-form expression and, hence, we cannot always obtain an asymptotic expression from
its corresponding approximate closed-form expression. Within this context, from Eq. (3.7)
and knowing that ILB = I1 · I2 . . . IM , an asymptotic expression at high SNR can be readily
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Table 3.1: Weather conditions for atmospheric turbulence.
Weather Visibility (km) C2n ×10−14 m−2/3
Haze 4 1.7 (Moderate turb.)
Clear 16 8 (Strong turb.)
and accurately lower-bounded due to the fact that ln(1 + z) ≈ ln(z) when z →∞ as follows
CHMISO/B
.
=
ln(4γ)
ln(4)
+
ln(F )
M ln(2)
+
1
M ln(2)
M∑
k=1
∫ ∞
0
ln(ik)fIk(ik)dik. (3.10)
Note that the integral in Eq. (3.10) was resolved in Eq. (2.55) by applying that atmospheric
turbulence and pointing errors are statistically independent. Therefore, the asymptotic
closed-form expression for the ergodic capacity of MISO FSO systems can be seen in
CHMISO/B
.
=
ln(4γ)
ln(4)
+
ln(F )
M ln(2)
+
1
M ln(2)
×
M∑
k=1
ln(Lk) + ln
(
1
αkβk
)
+ ψ(αk) + ψ(βk) + ln(A0k)−
1
ϕ2k
.
(3.11)
3.4.3 Numerical Results and Discussion
For the sake of simplicity, the numerical results have been computed for independent and
identically distributed (i.i.d.) GG and misalignment fading channels. Due to the fact that
the distance between lasers and the photodetector is several orders of magnitude the spacing
among lasers, the MISO FSO channel can be considered as i.i.d, obtaining the similar results
as in i.n.i.d. fading channels. At this point, it should, however, be noted that obtained
expressions are for i.n.i.d. fading channels, and the subscripts are retained in order to
present more general expressions which are totally valid for i.i.d. fading channels.
The corresponding results of this ergodic capacity analysis are depicted in Fig. 3.2 when
different values of M = {2, 4, 8} are considered for a S-D link distance of dSD = 3 km. Ad-
ditionally, we also include the performance analysis for the direct path link in order to
establish the baseline performance that was analyzed in Chapter 2. Different weather con-
ditions are adopted as shown in Table 3.1. Note that a spacing of 2.94 cm among the lasers
is required under moderate turbulence as well as 1.16 cm under strong turbulence for plane
wave propagation in order to consider uncorrelated fading in this analysis. Both spacing
among the lasers at the transmitter are perfectly feasible in this MISO FSO communica-
tions system in order to consider that fading is approximately independent of one another.
Pointing errors are present here assuming normalized beam width and normalized jitter
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Figure 3.2: Ergodic capacity for a S-D link distance of dSD= 3 km under different
weather conditions. Different normalized beam width and normalized jitter values of
(ωz/a, σs/a) = (5, 1) and (ωz/a, σs/a) = (10, 2) are assumed.
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values of (ωz/a, σs/a) = (5, 1) and (ωz/a, σs/a) = (10, 2). Monte Carlo simulation results
are furthermore included as a reference. In addition, this figure shows a high accuracy
of the asymptotic results based on the logarithm approximation at high SNR as given in
Eq. (3.11). It is noteworthy to mention that the obtained results provide an excellent match
between the analytical and the respective simulated results, which verify the high accuracy
of the proposed approximation. In addition to this, it must be highlighted that the analyt-
ical ergodic capacity given in Eq. (3.9) is very precise in the entire SNR regime, i.e., from
low to high SNR. As expected, the ergodic capacity of MISO FSO systems is proportional
to the number of lasers, achieving a greater capacity as this number increases. Note that
this improvement is no longer meaningful when the number of lasers is greater than four.
At the same time, this capacity is decreased as pointing errors increase.
From previous results, the asymptotic ergodic capacity analysis can be extended in or-
der to obtain a point where the expression in Eq. (3.11) intersects with the γ-axis
(C/B = 0 bits/s/Hz). This point can be understood as a SNR threshold, i.e. γthMISO, in
which the ergodic capacity of MISO FSO systems starts increasing. From Eq. (3.11), the
corresponding expression of γthMISO can be derived as
γthMISO[dB] =
−20
ln(10)
×
(
ln(F )
M
+ ln(2) +
1
M
M∑
k=1
ψ(αk) + ψ(βk)− ln
(
αkβk
A0kLk
)
− 1
ϕ2k
)
.
(3.12)
Similar to Eq. (3.12), we can also obtain the corresponding SNR threshold of the direct
path link γthDL when the parameter M is set to 1 as follows
γthDL[dB] =
−20
ln(10)
(
ln(2) + ψ(αDL) + ψ(βDL)− ln
(
αDLβDL
A0DLLDL
)
− 1
ϕ2DL
)
, (3.13)
where αDL, βDL, ϕ
2
DL, A0DL and LDL are the corresponding parameters of the direct path
link. Next, taking into account that the shift of the ergodic capacity versus SNR is more
relevant than the slope of the curve in SNR, this shift is interpreted as an improvement
on ergodic capacity in order to maintain the same performance in terms of capacity with
less SNR, as commented in Chapter 2. From Eqs. (3.12) and (3.13), we can obtain the
improvement or gain of this MISO FSO system for i.i.d. fading channels in relation to the
direct path link, i.e. GMISO[dB], as follows
GMISO[dB] = γ
th
DL[dB]− γthMISO[dB] =
20 ln(F )
M ln(10)
. (3.14)
The expression in Eq. (3.14) has been derived for i.i.d. fading channels in order to observe
the impact of the number of lasers on MISO FSO systems. For a better understanding of the
impact of GMISO[dB] on MISO FSO systems, this gain is plotted in Fig. 3.3 as a function
of the S-D link distance when a normalized beam width value of ωz/a = 7 and normalized
jitter values of σs/a = {1, 3, 4} are considered along with different values of M = {2, 6}. As
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Figure 3.3: Gain for different weather conditions when a normalized beam width value of
ωz/a = 7 and different normalized jitter values of σs/a = {1, 3, 4} are assumed.
expected, the ergodic capacity of MISO FSO systems not only depends on the number of
laser sources, but also on the severity of pointing errors. The ergodic capacity is significantly
increased as the number of lasers increases. Furthermore, a greater gain can be achieved
as normalized jitter values increase, showing an excellent robustness against pointing errors
and atmospheric turbulence. It must also be commented that the gain is less vulnerable as
the S-D link distance increases under strong turbulence conditions.
These results show a relevant impact of pointing errors on the ergodic capacity of MISO
FSO systems. Knowing that the impact of pointing errors in our analysis can be suppressed
by assuming A0 → 1 and ϕ2 →∞ [53], the corresponding ergodic capacity expression with
no pointing errors is derived from Eq. (3.9). This expression can easily be obtained from
the definition of the H-Fox function (See Appendix A.5) by using the following property
zΓ(z) = Γ(z + 1) (See Appendix A.1) as
M∏
k=1
lim
ϕ2k→+∞
Γ
(
ϕ2k + 1
)
Γ
(
ϕ2k − 2sM
)
Γ
(
ϕ2k
)
Γ
(
1 + ϕ2k − 2sM
) = M∏
k=1
lim
ϕ2k→+∞
Mϕ2k
Mϕ2k − 2s
= 1. (3.15)
Hence, the approximate closed-form expression for the ergodic capacity of MISO FSO sys-
tems with no pointing errors CnpeMISO is obtained as
CnpeMISO/B ≈
H1,2+2M2+2M,2
(
4γ M
√
Fnpe
(∏M
k=1
Lk
αkβk
) 2
M
∣∣∣∣∣ (1, 1), (1, 1), ξ3(1, 1), (0, 1)
)
ln (4)
∏M
k=1 Γ(αk)Γ(βk)
,
(3.16)
where ξ3 = {(1− α1, 2M ), (1− β1, 2M ), . . . , (1− αM , 2M ), (1− βM , 2M )} and Fnpe is the cor-
recting factor when pointing error effects are suppressed (See Appendix B.1). Similar to
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Figure 3.4: Ergodic capacity for a S-D link distance of dSD = 3 km under different weather
conditions. A normalized beam width value of ωz/a = 7 and different normalized jitter
values of σs/a = {1, 3} are assumed.
44 CHAPTER 3. ERGODIC CAPACITY ANALYSIS
Eq. (3.11), we can also obtain the asymptotic ergodic capacity expression of MISO FSO
systems with no pointing errors as follows
CH
npe
MISO/B
.
=
ln(4γ)
ln(4)
+
ln(Fnpe)
M ln(2)
+
1
M ln(2)
M∑
k=1
ψ(αk) + ψ(βk)− ln
(
αkβk
Lk
)
. (3.17)
At the same time, we can derive the corresponding SNR threshold of MISO FSO systems
with no pointing errors γ
thnpe
MISO as in Eq. (3.12) as follows
γ
thnpe
MISO[dB] =
−20
ln(10)
(
ln(Fnpe)
M
+ ln(2) +
1
M
M∑
k=1
ψ(αk) + ψ(βk)− ln
(
αkβk
Lk
))
. (3.18)
Conclusions obtained in Fig. 3.2 are contrasted in Fig. 3.4, where the effect of misalign-
ment on the ergodic capacity of MISO FSO systems is evaluated when different values of
M = {2, 6} are considered for a S-D link distance of dSD = 3 km. Here, the performance
analysis for the direct path link is also included as well as the results when pointing errors
are not considered. Pointing errors are present assuming a normalized beam width value of
ωz/a = 7 and normalized jitter values of σs/a = {1, 3}. It can be observed that the ergodic
capacity of this MISO FSO system is dramatically decreased as normalized jitter values
increase. Finally, from Eqs. (3.12) and (3.18), the impact of pointing error effects translates
into a loss Losspe[dB] relative to this MISO FSO system without misalignment fading given
by
Losspe[dB] , γthMISO[dB]− γthnpeMISO[dB]
=
20
M ln(10)
(
ln
(
Fnpe
F
)
+
M∑
k=1
1
ϕ2k
− ln(A0k)
)
.
(3.19)
The expression in Eq. (3.19) can be simplified for i.i.d. fading channels as
Losspe[dB] ,
20
ln(10)
(
M ln
(
Mϕ2
Mϕ2 + 1
)
+ ln
(
ϕ2 + 1
ϕ2
)
+
1
ϕ2
− ln(A0)
)
. (3.20)
The above expression only depends on the number of laser sources and pointing error
parameters. According to Eq. (3.20), it can be seen in Fig. 3.4 that a loss of 28.65
dB is achieved for M = {2, 6} when normalized beam width and normalized jitter val-
ues of (ωz/a, σs/a) = (7, 1) are assumed for moderate turbulence, and a loss of 33 dB
is achieved for M = {2, 6} when normalized beam width and normalized jitter values of
(ωz/a, σs/a) = (7, 3) are assumed for strong turbulence.
3.5 Ergodic Capacity of MIMO FSO Systems
In order to generalize the results obtained in the previous section, the ergodic capacity anal-
ysis is carried out for SIMO and MIMO FSO systems over different atmospheric turbulence
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models and under the presence of nonzero boresight pointing errors. The effect of nonzero
boresight is a new feature of this study. To the best of our knowledge, there are no reported
works that take into consideration the effect of nonzero boresight pointing errors on the per-
formance of SIMO and MIMO FSO systems. So far, the effect of nonzero boresight pointing
error was only considered for FSO links, i.e., SISO FSO systems in [50, 72, 101]. Next, the
nonzero boresight pointing error model is briefly reviewed.
Nonzero Boresight Pointing Error Model
The effect of pointing errors consists of three essential parameters: beam width, jitter and
boresight displacement. The beam width represents the beam waist (radius computed at
e−2), the jitter represents the random offset of the beam center at receive aperture plane
and the boresight represents the fixed displacement between beam center and the alignment
point.
Regarding boresight displacements, there are two kinds of boresight displacements: the
inherent boresight displacement and the additional boresight error.
Inherent boresight displacement This inherent boresight displacement is related to the
spacing among receive apertures at the receiver. This inherent boresight displacement
represents a fixed distance, i.e., the distance between each receive aperture and the
corresponding alignment point.
Additional boresight error The additional boresight error is due to the thermal expan-
sion of the building, which was defined in [56].
Although an FSO communication system can be installed with an additional boresight error
close to zero or even negligible, the inherent boresight displacement must necessarily always
be taken into account at the receiver when more than one receive aperture is assumed
in order to increase the performance by using receive-diversity. The latter is due to the
fact that each laser can be aligned with only one receive aperture and, hence, there is an
inherent boresight displacement that depends on the spacing among receive apertures, the
corresponding alignment point as well as the geometric arrangement of the receive apertures.
We use a model of misalignment fading given in [53] and commented in Chapter 2, which was
extended in [56] to take into account the boresight displacement at the receiver. Therefore,
assuming a Gaussian spatial intensity profile of beam waist radius ωz on the receiver plane
at distance z from the transmitter and a circular receive aperture of radius a, the PDF of
nonzero boresight pointing errors was derived in [56] as
fIp(i) =
ϕ2iϕ
2−1
Aϕ
2
0
exp
(
− s
2
2σ2s
)
I0
(
s
σs
√
−2ϕ2 ln
(
i
A0
))
, 0 ≤ i ≤ A0 (3.21)
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where s is the boresight displacement, and I0(·) is the modified Bessel function of the first
kind with order zero [62, eqn. (8.431.1)]. The rest of parameters are the same ones as
commented in Chapter 2. Note that the PDF in Eq. (3.21) reduces to the pointing errors
model proposed in [53] when zero boresight pointing error is considered, i.e. s = 0, as follows
fIp(i) =
ϕ2
Aϕ
2
0
iϕ
2−1, 0 ≤ i ≤ A0. (3.22)
3.5.1 System Model
Let us adopt a MIMO FSO communications system with M transmitters or laser sources
and N receive apertures, and EGC reception at the receiver. An example of a MIMO
FSO system with M = 2 and N = 5 is depicted in Fig. 3.5. In that figure, all lasers are
aligned with the centroid (alignment point located in pc = (xc, yc) = (0, 0)) of the geometric
arrangement (trapezium) of the receive apertures. It must be noted that all receive apertures
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Figure 3.5: Block diagram of the considered MIMO FSO communications system.
are separated by a fixed distance equals d′ (as shown in Fig. 2.1 in black dashed line) in order
to consider uncorrelated fading, which depends on the atmospheric coherence length r0. On
the one hand, the minimum value of the spacing among receive apertures is equal to d′ = r0
to assume uncorrelated fading as long as this spacing is technically feasible for potential
FSO applications. On the other hand, a greater spacing among receive apertures leads to an
increase in the inherent boresight displacement at the receiver plane. Additionally, the laser
sources are separated by a fixed distance so that uncorrelated fading can also be considered
at the transmitter [94, 95]. Before evaluating the corresponding expression of the total
boresight displacement, i.e. taking into account both the inherent boresight displacement
and the additional boresight error, we firstly obtain the expression of the inherent boresight
displacement assuming that the additional boresight error equals zero. In other words,
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Figure 3.6: Different geometric arrangement for the receiver from the juxtaposition of equi-
lateral triangles.
assuming that pc = p
′
c. In this case, the inherent boresight displacement is equal to the
Euclidean distance between each receive aperture and the corresponding alignment point,
i.e. the centroid pc, which is defined as dRk−pc for k = 1 . . . N . Hence, the boresight
displacement is given by sk = dRk−pc . In order to add the additional boresight error to
this analysis, we have to rewrite the expression of sk but considering a nonzero additional
boresight error. When there is a nonzero additional boresight error, the alignment point
becomes p′c instead of pc. Hence, knowing that p′c = (xc + ∆x, yc + ∆y) = (∆x,∆y), it can
easily be deduced that the corresponding expression of the total boresight displacement of
each receiver aperture when all lasers are aligned with the centroid is given by
sk =
√
d2Rk−pc + ∆x
2 + ∆y2 − 2 (∆x · xk + ∆y · yk), k = 1 . . . N (3.23)
where (xk, yk) represents the corresponding receive aperture location of Rk for k = 1 . . . N .
The additional boresight error (sAB) is given by the Euclidean distance between pc and p
′
c,
i.e. sAB =
√
∆x2 + ∆y2.
Analysis of the Proposed Geometric Arrangement for the Receiver
With the goal of reducing the effect of the inherent boresight displacement, we propose an
interesting solution for the geometric arrangement at the receiver, as shown in Fig. 3.6,
from the juxtaposition of equilateral triangles, and considering the centroid of each figure
as an alignment point in order to balance the distance between the alignment point and
each receive aperture. Firstly, we start with the easiest case, i.e. the case of two receive
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apertures, which are separated by a distance equals d′, as shown in Fig. 3.6(a). Note that
the distance d′ should sufficiently be larger than the atmospheric coherence length in order
to assume uncorrelated fading. In order to add one more receive aperture to the geometric
arrangement, the next formed figure should be an equilateral triangle, where all receive
apertures are at the same distance as shown in Fig. 3.6(b), and, hence, the inherent boresight
displacement is reduced. The following formed figure is a diamond, as shown in Fig. 3.6(c),
which is generated from the juxtaposition of two equilateral triangles. It is noteworthy to
mention that the total area formed by all receive apertures is also reduced. And the next
one is a trapezium, as shown in Fig. 3.6(d), when there are five receive apertures at the
receiver. This method consists of adding receive apertures to the receiver always around the
centroid of the formed geometric arrangement, and so on.
3.5.2 Performance Analysis
In this section, the ergodic capacity of MIMO FSO systems is evaluated over LN, GG and
EW fading channels with nonzero boresight pointing errors. As in MISO FSO systems, EGC
reception is used at the receiver and, hence, the statistical channel model can be written,
as in [102], as
Y =
X
MN
M∑
k=1
N∑
l=1
Ikl + ZEGC, ZEGC ∼ N(0, N0/2), (3.24)
where Ikl represents the equivalent irradiance through the optical channel between the kth
transmit aperture and the lth receive aperture. Here, the division by M is also considered
in Eq. (3.24) to maintain the average optical power in the air at a constant level of Pt,
being transmitted by each laser an average optical power Pt/M as in MISO FSO systems.
Furthermore, the division by N is considered to ensure that the area of the receive aperture
in SISO FSO systems has the same size as in the sum of N receive aperture areas [103].
The resulting received electrical SNR γMIMO can be defined as follows
γMIMO =
1
2
(
2Pt
√
Tb/MN
)2
N0/2
(
M∑
k=1
N∑
l=1
Ikl
)2
=
4γ
M2N2
(
M∑
k=1
N∑
l=1
Ikl
)2
=
4γ
M2N2
I2T , (3.25)
where IT is the total channel gain. Assuming instantaneous CSI at the receiver, the ergodic
capacity of the considered MIMO FSO system in bits/s/Hz can be obtained as in Eq. (2.51)
as follows
CMIMO/B =
1
ln(4)
∫ ∞
0
· · ·
∫ ∞
0︸ ︷︷ ︸
MN-fold
ln
1 + 4γ
M2N2
(
M∑
k=1
N∑
l=1
ikl
)2 M∏
k=1
N∏
l=1
fIkl(ikl)dikl, (3.26)
where fIkl(ikl) represents the combined PDF of the equivalent irradiance through the optical
channel between the kth transmit aperture and the lth receive aperture. It must be noted
that deriving the PDF of IT =
∑M
k=1
∑N
l=1 Ikl is tedious, if not impossible, and not readily
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tractable due to the difficulty in finding its statistics. Hence, a lower bound for this sum can
also be obtained here by using the inequality between AM and GM as in the previous section,
i.e. AM ≥ GM , where AM = (1/MN)∑Mk=1∑Nl=1 Ikl and GM = MN√∏Mk=1∏Nl=1 Ikl are
the arithmetic and geometric means, respectively. Therefore, a lower bound for the sum of
MN RVs can be obtained as
M∑
k=1
N∑
l=1
Ikl ≥MN MN
√√√√F · M∏
k=1
N∏
l=1
Ikl. (3.27)
As in previous section, a correcting factor F is also used here in order to obtain a good
approximation of the ergodic capacity analysis of MIMO FSO systems. The correcting
factor F can be derived from Eq. (3.27) as follows
F =
E
[∑M
k=1
∑N
l=1 Ikl
]MN
(MN)MN · E
[
MN
√∏M
k=1
∏N
l=1 Ikl
]MN , (3.28)
and can be seen in more detail in Appendix B.2. Note that Eq. (3.28) reduces to Eq. (3.6)
when the number of receiver apertures equals one, i.e, N = 1. Now, substituting Eq. (3.27)
into Eq. (3.26) and, after performing some algebraic manipulations, the ergodic capacity of
MIMO FSO systems can accurately be approximated as follows
CMIMO/B ≈ 1
ln(4)
×
∫ ∞
0
· · ·
∫ ∞
0︸ ︷︷ ︸
MN-fold
ln
1 + 4γF 2MN ( M∏
k=1
N∏
l=1
ikl
) 2
MN
 M∏
k=1
N∏
l=1
fIkl(ikl)dikl.
(3.29)
To the best of our knowledge, the integral in Eq. (3.29) is highly complex to find an exact
solution even might not be expressed in closed-form. For this reason, an asymptotic analysis
is carried out and, hence, simple closed-form expressions are derived for MIMO FSO systems.
An asymptotic expression at high SNR can be readily and accurately lower-bounded due to
the fact that ln(1 + z) ≈ ln(z) when z →∞ as follows
CMIMO/B
.
=
1
ln(4)
∫ ∞
0
· · ·
∫ ∞
0︸ ︷︷ ︸
MN-fold
ln
4γF 2MN ( M∏
k=1
N∏
l=1
ikl
) 2
MN
 M∏
k=1
N∏
l=1
fIkl(ikl)dikl. (3.30)
We can rewrite the above integral as follows
CMIMO/B
.
=
ln(4γ0)
ln(4)
+
ln(F )
MN ln(2)
+
1
MN ln(2)
M∑
k=1
N∑
l=1
∫ ∞
0
ln(ikl)fIkl(ikl)dikl︸ ︷︷ ︸
INT
. (3.31)
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Knowing that atmospheric turbulence and pointing errors are statistically independent, the
integral INT in Eq. (3.31) can be rewritten as follows
INT =
∫ ∞
0
ln(ikl)fIkl(ikl)dikl
=
∫ ∞
0
∫ A0kl
0
ln(Lkl · iakl · ipkl)fIakl(iakl)fIpkl(i
p
kl)di
a
kldi
p
kl
= ln(Lkl) +
∫ ∞
0
ln(iakl)fIakl(i
a
kl)di
a
kl︸ ︷︷ ︸
INT1
+
∫ A0kl
0
ln(ipkl)fIpkl
(ipkl)di
p
kl︸ ︷︷ ︸
INT2
= ln(Lkl) + INT1 + INT2.
(3.32)
Firstly, we derive INT2 in Eq. (3.32) (See Appendix A.10) as follows
INT2 =
∫ A0kl
0
ln(ipkl)fIpkl
(ipkl)di
p
kl = ln(A0kl)−
1
ϕ2kl
− s
2
kl
2σ2sklϕ
2
kl
. (3.33)
Secondly, we solve the integral INT1 in Eq. (3.32) for each atmospheric turbulence model
considered in the analysis of MIMO FSO systems, i.e., LN, GG and EW. In the case of
GG model, this one was already solved in Eq. (2.57). Hence, the asymptotic closed-form
expression for the ergodic capacity of MIMO FSO systems over GG fading channels with
nonzero boresight pointing errors can be expressed as
CGGMIMO/B
.
=
ln(4γ)
ln(4)
+
ln(F )
MN ln(2)
+
1
MN ln(2)
×
M∑
k=1
N∑
l=1
ln
(
Lkl
αklβkl
)
+ ψ(αkl) + ψ(βkl) + ln(A0kl)−
1
ϕ2kl
− s
2
kl
2σ2sklϕ
2
kl
.
(3.34)
In the case of LN model, by making a change of variable t = ln(x), it can easily be deduced
that the result of integral INT1 is INT1 = −σ2Rkl/2. Hence, the asymptotic closed-form
expression for the ergodic capacity of MIMO FSO systems over LN fading channels with
nonzero boresight pointing errors can be expressed as
CLNMIMO/B
.
=
ln(4γ)
ln(4)
+
ln(F )
MN ln(2)
+
1
MN ln(2)
×
M∑
k=1
N∑
l=1
ln(Lkl)−
σ2Rkl
2
+ ln(A0kl)−
1
ϕ2kl
− s
2
kl
2σ2sklϕ
2
kl
.
(3.35)
In the case of EW model, we write the corresponding integral INT1 as follows
INT1 =
m1m2
m3
×
∫ ∞
0
ln(i)
(
i
m3
)m2−1
exp
(
−
(
i
m3
)m2){
1− exp
(
−
(
i
m3
)m2)}m1−1
di.
(3.36)
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By using the corresponding series expansion of (1 + ex)α as follows
(1 + ex)α =
∞∑
k=1
Γ(α+ 1)exk
k!Γ(α− k + 1) , (3.37)
we can rewrite the integral in Eq. (3.36) as
INT1 =
m2Γ(m1 + 1)
mm23
×
∞∑
k=0
(−1)k
k!Γ(m1 − k)
∫ ∞
0
ln(i)im2−1 exp
(
−(k + 1)
(
i
m3
)m2)
di.
(3.38)
To evaluate the above integral, we can make a change of variable x = im2 and, then, we can
use [62, eqn. (4.352.1)] (See Appendix A.9) to derive the following expression
INT1 = g(m1kl ,m2kl ,m3kl)
=
Γ(m1kl + 1)
m2kl
∞∑
i=0
(−1)i
(
ψ(1)− ln
(
(i+ 1)
(
1
m3kl
)m2kl))
Γ(i+ 2)Γ(m1kl − i)
,
(3.39)
where −ψ(1) is the Euler’s constant. Note that Eq. (3.39) can easily be computed as the
series converges fast, and usually as much as 20 terms or less are sufficient for the series to
converge. Now, substituting Eq. (3.39) into Eq. (3.31), we can obtain the corresponding
asymptotic closed-form expression for the ergodic capacity of MIMO FSO systems over EW
fading channels with nonzero boresight pointing errors as
CEWMIMO/B
.
=
ln(4γ)
ln(4)
+
ln(F )
MN ln(2)
+
1
MN ln(2)
×
M∑
k=1
N∑
l=1
ln(Lkl) + g(m1kl ,m2kl ,m3kl) + ln(A0kl)−
1
ϕ2kl
− s
2
kl
2σ2sklϕ
2
kl
.
(3.40)
3.5.3 Numerical Results and Discussion
As in MISO FSO systems, the numerical results are evaluated for i.i.d. atmospheric turbu-
lence channels with pointing errors but considering nonzero inherent boresight displacement
and zero additional boresight error, i.e. (∆x,∆y) = (0, 0). In other words, the alignment
point is pc = p
′
c as shown in Fig. 3.5. The impact of nonzero additional boresight error will
be studied at the end of this subsection.
As an illustration of the obtained expressions, numerical results over LN, GG and EW
fading channels are depicted in Figs. 3.7(a), 3.7(b) and 3.8, respectively. Without loss
of generality, we consider some scenarios as case study of MISO, SIMO and MIMO FSO
systems when all transmit lasers are aligned with the centroid of the geometric arrangement
at the receiver. In this way, different values of M and N are taken into account in order to
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Figure 3.7: Asymptotic ergodic capacity of MIMO FSO systems when (a) LN and (b)
GG atmospheric turbulence models are assumed for different normalized beam width and
normalized jitter values of (ωz/a, σs/a) = {(5, 1), (10, 2)} as well as different normalized
spacing values among receive apertures of d′/a = {6, 8}.
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Figure 3.8: Asymptotic ergodic capacity of MIMO FSO systems over EW atmo-
spheric turbulence for different normalized beam width and normalized jitter values of
(ωz/a, σs/a) = {(5, 1), (10, 2)}.
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analyze how the effect of nonzero inherent boresight pointing errors impacts on the ergodic
capacity of SIMO and MIMO FSO systems when point-like receiver apertures are considered
for LN and GG atmospheric turbulence, i.e., D ≤ ρc and, when aperture averaging takes
place for EW, i.e., D ≥ ρc. Different weather conditions are adopted as shown in Table 3.1.
Pointing errors are present assuming normalized beam width and normalized jitter values of
(ωz/a, σs/a) = (5, 1) and (ωz/a, σs/a) = (10, 2). A S-D link distance of dSD = 1 km and a
normalized spacing value among receiver apertures of d′/a = 8 as well as a S-D link distance
of dSD = 2 km and a normalized spacing value among receiver apertures of d
′/a = 6 are
considered for LN and GG atmospheric turbulence, respectively. Analogously, a S-D link
distance of dSD = 3 km as well as a spacing value among receiver apertures of d
′ = 15 mm
are considered when the diameter DSISO of the receive aperture corresponding to the SISO
FSO system is set to 15 mm and 20 mm for EW atmospheric turbulence. The corresponding
radius of SIMO and MIMO FSO systems is equal to DN = DSISO/
√
N . As can be observed,
the aperture averaging always takes place since the condition D ≥ ρc always holds for EW
model. These aperture sizes can be used for commercial FSO applications that requires high
speed optical detectors [104]. Additionally, we also include the performance analysis for the
direct path link in order to establish the baseline performance. Monte Carlo simulation
results are furthermore included as a reference.
It is noteworthy to mention that the obtained results provide an excellent match between
the analytical and the respective Monte Carlo simulation results, which are obtained from
Eq. (3.26), and, hence, verifying the high accuracy of the proposed approximation. As can
be seen in Fig. 3.7, a MISO FSO system present a much better performance than SIMO
and MIMO FSO systems in terms of the ergodic capacity, keeping the product M ·N = 4
and not considering the additional boresight error. It must be noted that both SIMO and
MIMO present a nonzero inherent boresight displacement, which depends on the distance
between the alignment point and each receive aperture and, hence, the obtained performance
is significantly reduced. Therefore, an FSO system with multiple receive apertures can
improve the capacity of the direct path link when the spacing among receive apertures is
not too large in order to reduce the effect of nonzero inherent boresight. Alternatively, the
obtained performance of SISO and MISO FSO systems depend on the additional boresight
error which will be studied at the end of this subsection. These conclusions are totally valid
for EW atmospheric turbulence in Fig. 3.8. Alternatively, the effect of beam width and jitter
is also discussed. As expected, as the normalized beam width increases, i.e. from ωz/a = 5
to ωz/a = 10, the performance decreases. As a result, an increase in the normalized beam
width leads to a greater deterioration in performance.
Comparison among Different Geometric Arrangements at the Receiver
Now, we examine different geometric arrangements for the receiver in order to make a fair
comparison between the proposed method and other more typical geometric arrangements,
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Figure 3.9: Receive apertures.
as shown in Fig. 3.9. In this way, we compare three different configurations when M and N
are equal to 1 and 8, respectively, i.e a SIMO FSO system with eight receive apertures. In
Fig. 3.9(a), an heptagon is depicted where one receive aperture is located at the center and
the rest ones are equally spaced around a circle (d′), whose radius is equal to d′/2 sin(pi/7). In
Fig. 3.9(b), a rectangle is depicted wherein all receive apertures are separated by a distance
equals d′. In both geometric arrangements, their corresponding centroid is the alignment
point.
From Eq. (3.33), we can see that the effect of nonzero boresight appears as a sum of squares
(
∑M
k=1
∑N
l=1 s
2
kl) and, hence, the methodology based on the juxtaposition of triangle equilat-
erals is able to minimize this sum respect to the receiver configurations depicted in Fig. 3.9.
It is deduced that the corresponding sum of squares (s2kl) of Fig. 3.6(g) is equal to 8.68d
′2
while Figs. 3.9(a) and 3.9(b) are equal to 9.29d′2 and 12d′2, respectively. This conclusion
is corroborated in Fig. 3.10. However, it should be noted that this methodology does not
provide the optimal performance due to the fact that finding the best method can be time-
consuming and is often technically difficult to perform.
As can be seen in Fig. 3.10, a S-D link distance of dSD = 4 km as well as some spacing
values among receiver apertures of d′ = 12 mm and d′ = 24 mm are considered when the
diameter DSISO of the corresponding receiver aperture of the SISO FSO system is set to
30 mm for EW atmospheric turbulence. As commented before, depending on the distance
among receive apertures, the effect of nonzero inherent boresight displacement can be more
severe. It should be highlighted that the proposed geometric arrangement for the receiver is
able to achieve a better performance than other more typical geometric arrangements such
as Figs. 3.9(a) and 3.9(b).
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Figure 3.10: Comparison among different geometric arrangements for the receiver over
EW atmospheric turbulence when different spacing values among receive apertures of
d′ = {12 mm, 24 mm} are considered.
Impact of Nonzero Additional Boresight Error
The impact of nonzero additional boresight error (sAB) on the ergodic capacity of MIMO
FSO systems is also analyzed, which depends on the number of receive apertures and point-
ing error parameters such as beam width, boresight error and alignment point. From the
asymptotic ergodic capacity analysis carried out in this section, we can obtain the loss in
decibels between considering and not considering nonzero additional boresight error. To do
this, we perform the same process as in MISO FSO systems, i.e., we obtain a point where the
asymptotic ergodic capacity intersects with the γ-axis. Hence, the corresponding expression
of γthMIMO in terms of the channel parameters can be derived as follows
γthMIMO[dB] =
−20
ln(10)
×
(
ln(F )
MN
+ ln(2) +
1
MN
M∑
k=1
N∑
l=1
ln(Lkl) + INT1 + ln(A0kl)−
1
ϕ2kl
− s
2
kl
2σ2sklϕ
2
kl
)
,
(3.41)
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Figure 3.11: (a) LossAB[dB] as a function of the horizontal displacement of the normalized
additional boresight error when different normalized beam width and normalized jitter values
of (ωz/a, σs/a) = {(5, 1), (10, 2)} are considered and, (b) performance over GG atmospheric
turbulence.
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where INT1 depends on the selected atmospheric turbulence model, i.e., LN (Eq. (3.35)),
GG (Eq. (3.34)) and EW (Eq. (3.40)). This loss can be written as
LossAB[dB] = γ
AB
th [dB]− γIBth [dB] =
20 ln
(
F IB/FAB
)
MN ln(10)
+
10
MN ln(10)σ2sϕ
2
M∑
k=1
N∑
l=1
s2AB − 2 (∆x · xkl + ∆y · ykl) ,
(3.42)
where F IB represents the correcting factor taking into account the inherent boresight dis-
placement and FAB represents both the inherent boresight displacement and the additional
boresight error. It should be noted that the above expression does not depend on the at-
mospheric turbulence. This expression not only depends on the pointing error parameters
but also on the geometric arrangements of the receive apertures at the receiver.
In this way, this loss is depicted in Fig. 3.11(a) as a function of the horizontal displacement
of the normalized additional boresight error ∆x/a for different vertical displacements of the
normalized boresight error of ∆y/a = {1, 2}. Normalized beam width and normalized jit-
ter values of (ωz/a, σs/a) = {(5, 1), (10, 2)} as well as different values of M and N are also
considered. As expected, the effect of nonzero additional boresight error can dramatically
reduce the ergodic capacity of FSO systems with N = 1, i.e., SISO and MISO FSO systems.
In addition to this, the performance has not been so affected by the presence of a nonzero
additional boresight error when the parameter N > 1, i.e. MIMO and SIMO FSO systems.
This latter is owing to the robustness provided by the centroid as an alignment point. Fi-
nally, Fig. 3.11(b) is added to this study in order to contrast some values of LossAB[dB]
considering the same scenario as in Fig. 3.7(b). It can be seen in this figure that losses of
5.32 dB, 4.81 dB and 2.3 dB are obtained for SISO, MISO and MIMO FSO systems, respec-
tively, when normalized beam width and normalized jitter values of (ωz/a, σs/a) = (5, 1) are
assumed.
3.6 Ergodic Capacity of DF Strategies
The purpose of this study is to analyze and comprehend the ergodic capacity in the context of
cooperative FSO systems when LOS is available. Motivated by the fact that the performance
of cooperative FSO systems has been widely analyzed in terms of the BER and outage
probability, we focus on the study of the ergodic capacity for two different DF relaying
strategies over GG atmospheric turbulence channels with zero boresight pointing errors.
3.6.1 General Background on Cooperative Communication
According to the literature, cooperative communications were initially proposed as an in-
teresting proposal to achieve spatial diversity in the context of RF systems.
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In general, a cooperative FSO system consists of at least three terminals or nodes: a source
node (S), a destination node (D), and a relay node (R). Basically, the relay node receives and
process the information from the source node and, then, this one forwards the information
to the destination node according to a specific relaying mode or protocol. Two kinds of
configurations can be deployed: serial and parallel relaying. Serial configuration is also
called multi-hop transmission, which is usually employed to extend the coverage area not
providing a significant diversity gain, as demonstrated in [105]. In [106], Safari and Uysal
proposed an artificial broadcasting through the use of multiple transmitters directed to relay
nodes in the context of parallel and serial configurations. It was concluded that multi-hop
transmissions can achieve a good performance in terms of the diversity gain when shorter
distance among hops are exploited. Parallel relaying can also be deployed where the source
node and the relay take part in the cooperative strategy, creating a virtual or distributed
MIMO FSO system. One of the disadvantages of FSO technology is the need for LOS,
i.e., transmitter and receiver must see each other. In this way, the broadcast nature of RF
systems is not present in FSO technology and, hence, there must be another transmitter
(laser source) at the source node for sending the signal from the transmitter to the relay
node, which means extra hardware in comparison with RF systems [107]. For instance, one
laser is pointing to the destination node and the other one is pointing to the relay node.
Anyway, both relaying schemes are strongly dependent on the number of relays [106].
Generally speaking, cooperative relaying not only is able to achieve spatial diversity by cre-
ating a virtual MIMO FSO system, but also to increase the coverage area. The employment
of cooperative technology is well justified since an FSO node may not be able to support
multiple lasers or receiver apertures due to size, hardware limitations or even cost with the
goal of improving the performance. In this way, this virtual MIMO FSO system can be
created using transceivers available at the other nodes of the network. While MIMO FSO
systems can even suffer from channel correlation in some cases, this problem is naturally
alleviated in relaying systems given the large distances separating the different nodes in the
network. The impact of MIMO relay channel on cooperative FSO system has also been
analyzed [108, 109]. Cooperative communication for FSO systems have been recognized as
a very promising solution for future wireless networks.
There are different relaying modes to forward the information to the destination node. These
relaying modes can be classified into two main categories: non-regenerative and regenerative
relaying modes. AF relaying is considered the most famous non-regenerative relaying mode
due to its simplicity, and DF is the most famous regenerative relaying mode due to the fact
that this one is able to achieve an optimum performance. Next, a brief description of these
protocols is drawn from [110]:
Amplify-and-forward In AF, the received information is amplified at the relay node by
using an amplifier and, then, the information is again forwarded to the destination
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node. It is said that AF is non-regenerative relaying mode since the relay node does
not modify the information.
Decode-and-forward DF is just the opposite of AF relaying mode. Before forwarding
the information to the destination node, the relay detects, decodes and re-encodes the
information. In case there is no coding, the relay node just detects.
Importantly, AF relaying presents an important advantage in relation to DF relaying. This
advantage is related to the hardware requirements in DF relaying to be able to achieve
an optimum performance. DF relaying needs high-speed electronic circuits at the order of
GHz at the relay node. On the contrary, AF can avoid that requirement but the obtained
performance in terms of the BER and capacity is limited [110].
Taking into account the advances proposed in RF systems with regard to cooperative com-
munications where more attention has been paid to the concept of user cooperation as a
new form of diversity for future wireless communication systems [111–113], different authors
have studied the employment of cooperative transmission in FSO communication systems,
and a considerable number of research articles have been reported. Parallel relaying as a
3-way or N-way communications setup has been studied in terms of the BER and outage
performance in the literature [89,107,114–125].
3.6.2 System Model
Let us consider a three-node cooperative system based on three separate FSO links, as
shown in Fig. 3.12, where the ergodic capacity is analyzed for two different DF relaying
strategies. The bit detect-and-forward (BDF) cooperative strategy and the adaptive detect-
and-forward (ADF) cooperative strategy are proposed and discussed as solutions to improve
the ergodic capacity of cooperative FSO systems. In the following, the subscript m is used
to represent the different FSO links considered here, i.e., S-D, S-R and R-D. Furthermore,
we assume that ISD, ISR and IRD are statistically independent. Next, both cooperative
strategies are explained in detail.
BDF Cooperative Strategy
The BDF cooperative protocol works in two stages as in [114,117], which is reproduced here
for convenience. In the first stage, the source node sends its own data to the destination
node and the relay node, i.e., the source node transmits the same information to the relay
node and destination node. In the second stage, the relay node sends the received data from
the source node in the first stage to the destination node. The relay node detects each code
bit of the cooperative signal individually and forwards it to the destination node, regardless
of the channel coding. In this fashion, the relay node detects each code bit and sends the bit
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Figure 3.12: Block diagram of the considered 3-way FSO communication system, where dSD
is the S-D link distance and (xR, yR) represents the location of the relay node.
with the new power to the destination node. Finally, the received signals from the source
node and the relay node are combined by using EGC reception at destination node. Then,
the combined output is detected.
ADF Cooperative Strategy
The ADF cooperative strategy is similar to the BDF cooperative strategy. This strategy
selects between direct transmission or BDF on the basis of the value of the fading gain. When
the irradiance of the S-D link (ISD) is greater than the irradiance of the R-D link (IRD), the
cooperative FSO system is only based on the direct transmission to the destination node,
obviating the cooperative mode. On the contrary, the source node performs cooperation
using the relay node if the irradiance of the R-D link is greater than the irradiance of the
S-D link.
It should be noted that the selection criterion is based on the value of the irradiance instead
of its square magnitude, as usually assumed in the literature [89, 118, 126, 127], not being
required the square magnitude due to the fact that the fading gain in FSO systems is
always positive when IM/DD is assumed. Moreover, it is taking into consideration that CSI
is known not only at the receiver side but also at the transmitter side. The knowledge of
CSI at the transmitter side is feasible for FSO links given that scintillation is a slow time
varying process relative to the large symbol rate. This has also been considered for FSO links
from the point of view of information theory [79, 128]. The CSI can be acquired by using
the training sequence at the receiver side and feedback the CSI back to transmitter. An
interesting approach to acquire the CSI at the transmitter was proposed in [129], wherein the
CSI is estimated at the receiver side and feed this channel estimate back to the transmitter
using an RF feedback channel. At the same time, it would also be sufficient to send only
one feedback bit from the destination to the source node highlighting what cooperative
protocol should be activated, i.e, the BDF cooperative protocol or the direct transmission.
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Due to the fact that atmospheric turbulence changes slowly with correlation time ranging
from 10 µs to 10 ms, this is a plausible scenario for FSO channels with data rates on the
order of Gbps, implementing a continuous feedback from the receiver to maintain a specific
performance level. In this sense, the receiver always knows if the cooperative protocol is
being used.
Note that the same information rate is obtained for BDF and ADF at destination node in
comparison with the direct transmission or the direct path link without using a cooperative
strategy. For the sake of simplicity and an easier practical implementation, it should be
emphasized that all the bits detected at the relay node are always forwarded with the new
power to the destination node regardless of these bits are detected correctly or incorrectly
as in BER and outage performance [121,124,125].
3.6.3 Performance Analysis
In this section, we analyze the ergodic capacity of the cooperative FSO system under study
for two different cooperative strategies.
Ergodic Capacity of the BDF Cooperative Protocol
Firstly, we study the corresponding ergodic capacity of the BDF cooperative strategy, de-
pending on the fact that the bit is detected correctly or incorrectly at the relay node.
Assuming a statistical channel model as follows
YBDF =
1
2
XISD + ZSD +X
∗IRD + ZRD, ZSD, ZRD ∼ N(0, N0/2) (3.43)
where X∗ represents the RV of the information detected at the relay node and, hence,
X∗ = X when the bit has been detected correctly and, X∗ = dE −X when the bit has been
detected incorrectly. Note that ISD and IRD are the irradiances of the S-D link and the
R-D link, respectively, and ZSD and ZRD are the corresponding AWGNs of the S-D link
and the R-D link, respectively. The division by 2 is considered in Eq. (3.43) to maintain
the average optical power in the air at a constant level of Pt, being transmitted by each
laser at the source node an average optical power of Pt/2, as in previous sections. A power
normalization factor of 1/2 has been used at the source node since the selected criterion
for this cooperative system is that each node transmits an average optical power of Pt. As
expected, there are other ones, such as the whole cooperative FSO system transmits an
average optical power Pt, among others. In this case, the power normalization factor would
be 1/3. The expression of YBDF in Eq. (3.43) can also be expressed as follows
YBDF =
X
2
(ISD + 2IRD) + ZSD + ZRD, X
∗ = X (3.44a)
YBDF =
X
2
(ISD − 2IRD) + dE · IRD + ZSD + ZRD, X∗ = dE −X (3.44b)
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Note that the term dE · IRD becomes irrelevant to the detection process. Hence, the resulting
received electrical SNR at the destination node is written as
γBDF =
γ
2
(ISD + 2IRD)
2 , X∗ = X (3.45a)
γBDF =
γ
2
(ISD − 2IRD)2 X∗ = dE −X (3.45b)
Now, assuming instantaneous CSI at the receiver, the corresponding ergodic capacity of the
BDF cooperative protocol is given by
CBDF = C0 · (1− PSRb ) + C1 · PSRb = C0 − (C0 − C1) · PSRb , (3.46)
where PSRb denotes the BER of the S-R link, and C0 and C1 are the ergodic capacities
when the bit is detected correctly and incorrectly at the relay node, respectively. The above
expression can be accurately approximated as follows
CBDF ≈ C0 = B
2 ln(2)
∫ ∞
0
∫ ∞
0
ln
(
1 +
γ
2
(i1 + 2i2)
2
)
fISD(i1)fIRD(i2)di1di2, (3.47)
where fIm(i) is the PDF of atmospheric turbulence and pointing errors, i.e., GG atmospheric
turbulence with zero boresight pointing errors as given in Eq. (2.34). It must be noted
that this approximation is completely valid as SNR increases since the term PSRb tends to
zero as SNR increases. In addition, the expression in Eq. (3.47) does not depend on the
modulation scheme due to the fact that the term PSRb tends to zero fast when the simplest
modulation scheme is implemented, i.e., OOK signaling. Moreover, this approximation
has been numerically corroborated by Monte Carlo simulation, and it will be checked in
the following subsection. Hence, the ergodic capacity of BDF cooperative protocol can be
written as
CBDF/B ≈ 1
ln(4)
∫ ∞
0
ln
(
1 +
γ
2
i2
)
fIT (i)di, (3.48)
where IT = ISD + 2IRD. It should be noted that obtaining the corresponding PDF of IT is
remarkably tedious and not easily tractable due to the difficulty in finding its statistics.
As previous step, we can solve the integral in Eq. (3.48) by approximating the PDF of IT
by the α-µ PDF as proposed in [87]. In this way, fIT (i) is approximated as follows
fIT (i) ≈
αµµiαµ−1
iˆαµΓ(µ)
exp
(
−µi
α
iˆα
)
. (3.49)
The α-µ distribution is characterized by the α and µ parameters as well as the α-root mean
value iˆ of the RV IT . Note that α is the parameter of the α-µ distribution and this one
cannot be confused with αSD, αRD and αSR since these ones are related to GG atmospheric
turbulence. The use of this approximate PDF is suitable in order to study the ergodic
capacity of cooperative FSO systems due to the fact that this PDF contains information
regarding the mean, the variance, and the fourth moment of IT . These parameters are
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obtained as the solution of the system of transcendental equations derived in [87, eqn. (24)
and (25)]:
Γ(µ+ 1/α)2
Γ(µ)Γ(µ+ 2/α)− Γ(µ+ 1/α)2 =
E[IT ]2
E[I2T ]− E[IT ]2
, (3.50a)
Γ(µ+ 2/α)2
Γ(µ)Γ(µ+ 4/α)− Γ(µ+ 2/α)2 =
E[I2T ]2
E[I4T ]− E[I4T ]2
. (3.50b)
The solution for the system of transcendental equations has numerically been solved in an
efficient manner. The parameter iˆ can be obtained as iˆ = µ1/αΓ(µ)E[IT ]/Γ (µ+ 1/α). The
required nth moment of IT can be determined as follows
E[InT ] =
∫ ∞
0
∫ ∞
0
(i1 + 2i2)
nfISD(i1)fIRD(i2)di1di2. (3.51)
According to the binomial theorem, it is possible to expand the power (i1 + 2i2)
n into a
sum and, after performing some straightforward manipulations in Eq. (3.51), we can express
E[InT ] as
E[InT ] =
n∑
k=0
n!2k
k!(n− k)!
∫ ∞
0
in−k1 fISD(i1)di1 ·
∫ ∞
0
ik2fIRD(i2)di2. (3.52)
Both integrals in Eq. (3.52) can be solved with the help of [58, eqn. (07.34.21.0009.01)]
(See Appendix A.3.2) and, performing some algebraic manipulations, the corresponding
closed-form solution for the nth moment of IT can be written as
E[InT ] = ϕ2SDϕ2RD
n∑
k=0
n!2k
k!(n− k)!
(
αSDβSD
A0SDLSD
)k−n Γ (n− k + αSD) Γ (n− k + βSD)
Γ (αSD) Γ (βSD) (n− k + ϕ2SD)
×
(
αRDβRD
A0RDLRD
)−k Γ (k + αRD) Γ (k + βRD)
Γ (αRD) Γ (βRD) (k + ϕ2RD)
.
(3.53)
For n = 1, we can obtain the mean of IT , i.e., E[IT ]. Substituting Eq. (3.49) into Eq. (3.48)
and, after making the change of variables i′ = iα/ˆiα, the ergodic capacity for BDF relaying
scheme can be accurately approximated as follows
CBDF/B ≈ µ
µ
ln(4)Γ(µ)
∫ ∞
0
ln
(
1 +
iˆγ0
2
i′2/α
)
i′µ
i′
exp(−µi′)di′. (3.54)
The above integral can be solved by using [59, eqn. (8.4.6.5)] and [59, eqn. (8.4.3.1)] in order
to express the natural logarithm in terms of the Meijer’s G-function, and the exponential in
terms of the Meijer’s G-function, respectively (See Appendix A.3.1). Then, we can obtain the
approximate closed-form solution for the ergodic capacity of the BDF cooperative protocol
by using [58, eqn. (07.34.21.0012.01)] (See Appendix A.3.2) as follows
CBDF/B ≈ 1
ln(4)Γ(µ)
H3,21,3
(
γΓ(µ)2E[IT ]2
2Γ (µ+ 1/α)2
∣∣∣∣∣ (1, 1), (1, 1), (1− µ, 2/α)(1, 1), (0, 1)
)
. (3.55)
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It is corroborated in [20] that the above expression is in good agreement with simulation
results but this one is not expressed in terms of channel parameters such as atmospheric
turbulence and pointing errors and, hence, the conclusions have to be derived from a numer-
ical observation. More details about this procedure can be found in [20]. Thus, we can use
another method to try to find out an approximate closed-form expression for the capacity
of the BDF cooperative protocol as in previous sections. Hence, a lower bound for IT can
be obtained by using th inequality between AM and GM (as in Sections 3.4 and 3.5), i.e.
AM ≥ GM , where AM = (ISD + 2IRD)/2 and GM =
√
ISD · 2IRD are the arithmetic and
geometric means, respectively. Therefore, a lower bound for IT can be obtained as
ISD + 2IRD ≥
√
8 · ISD · IRD =
√
8 · ILBT . (3.56)
From Eq. (3.56), it can be deduced that the mathematical expectation in both sides of the
inequality take different values and, hence, a correcting factor F should be added to the
inequality in order to maintain the same value in both sides as in previous sections. This
correcting factor can be derived from Eq. (3.56) and be seen in greater detail in Appendix
B.3. Substituting Eq. (3.56) into Eq. (3.48) and, after performing some algebraic manip-
ulations, the ergodic capacity for BDF relaying scheme can be accurately approximated as
follows
CBDF/B ≈ 1
ln(4)
∫ ∞
0
ln(1 + 4γFi)fILBT
(i)di. (3.57)
The PDF fILBT
(i) can be derived in closed-form via inverse Mellin transform in a similar
way to MISO FSO systems (See Appendix A.7). Due to the fact that the irradiances ISD
and IRD are statistically independent, the Mellin transform of their product is equal to the
product of the Mellin transforms of ISD and IRD. Hence, the closed-form expression for
the PDF of ILBT can be expressed in terms of the Meijer’s G-function by employing the
definition of the Mellin transform (See Appendix A.7.2) as follows
fILBT
(i)
=
i−1ϕ2SDϕ
2
RDG
6,0
2,6
(
αSDβSDαRDβRD
A0SDLSDA0RDLRD
i
∣∣∣∣∣ ϕ2SD + 1, ϕ2RD + 1ϕ2SD, αSD, βSD, ϕ2RD, αRD, βRD
)
Γ(αSD)Γ(βSD)Γ(αRD)Γ(βRD)
.
(3.58)
The integral in Eq. (3.57) can be solved by using [59, eqn. (8.4.6.5)] in order to express
the natural logarithm in terms of the Meijer’s G-function (See Appendix A.3.1). Then,
we can obtain the approximate closed-form expression for the ergodic capacity of the BDF
cooperative protocol CBDF by using [59, eqn. (2.24.1.2)] (See Appendix A.3.2) as
CBDF/B
≈
ϕ2SDϕ
2
RDG
8,1
4,8
(
αSDβSDαRDβRD
γ4FA0SDLSDA0RDLRD
∣∣∣∣∣ 0, 1, ϕ2SD + 1, ϕ2RD + 1ϕ2SD, αSD, βSD, ϕ2RD, αRD, βRD, 0, 0
)
ln (4)Γ(αSD)Γ(βSD)Γ(αRD)Γ(βRD)
.
(3.59)
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To provide a much deeper insight into this ergodic capacity, an asymptotic expression for
this capacity at high SNR can be readily and accurately lower-bounded due to the fact that
ln(1 + z) ≈ ln(z) when z →∞ as follows
CBDF/B
.
=
ln(4γF )
ln(4)
+
1
ln(4)
∫ ∞
0
ln(i)fILBT
(i)di. (3.60)
The above integral can be rewritten in a much easier way by using the definition of
ILBT = ISDIRD as
CBDF/B
.
=
ln(4γF )
ln(4)
+
1
ln(4)
∫ ∞
0
ln(i1)fISD(i1)di1 +
1
ln(4)
∫ ∞
0
ln(i2)fIRD(i2)di2. (3.61)
Each of the integrals in Eq. (3.61) was solved in Eq. (2.55) for GG atmospheric turbulence
channels with zero boresight pointing errors. Hence, the corresponding asymptotic ergodic
capacity expression of the BDF cooperative protocol can be seen in
CHBDF/B
.
=
ln(γ4F )
ln(4)
+
1
ln(4)
(
− 1
ϕ2SD
− 1
ϕ2RD
)
+
1
ln(4)
(
ψ(αSD) + ψ(βSD) + ψ(αRD) + ψ(βRD) + ln
(
A0SDLSDA0RDLRD
αSDβSDαRDβRD
))
.
(3.62)
Ergodic Capacity of the ADF Cooperative Protocol
Next, we analyze the corresponding ergodic capacity of the ADF cooperative strategy. The
statistical channel model can be written as
YBDF =
1
2
XISD +X
∗IRD + ZSD + ZRD, IRD > ISD (3.63a)
YDT = XISD + ZSD, IRD < ISD (3.63b)
The corresponding ergodic capacity of the ADF cooperative protocol is given by
CADF = CBDF · P (IRD > ISD) + CDT · P (IRD < ISD), (3.64)
where CBDF is the ergodic capacity of the BDF cooperative protocol, CDT is the ergodic
capacity of the direct transmission, P (IRD > ISD) is the probability of IRD > ISD, and
P (IRD < ISD) is the probability of IRD < ISD. In this way, assuming instantaneous CSI at
the receiver, the ergodic capacity of the ADF cooperative protocol is computed as follows
CADF ≈ B
2 ln (2)
∫ ∞
0
∫ i2
0
ln
(
1 +
γ
2
(i1 + 2i2)
2
)
fISD(i1)fIRD(i2)di1di2
+
B
2 ln (2)
∫ ∞
0
ln
(
1 + 4γi2
)
FIRD(i)fISD(i)di.
(3.65)
where P (IRD > ISD) is computed by solving the inner integral (i1 = ISD) corresponding
to the first integral in Eq. (3.65) in the interval of integration from 0 to i2 (i2 = IRD),
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and P (IRD < ISD) is computed by using FIRD(i) (i = ISD) since both RVs are statistically
independent. Similar to the BDF cooperative protocol, the inequality between AM and GM
is also used. Hence, the expression in Eq. (3.65) is re-written as follows
CADF/B ≈ 1
ln (4)
∫ ∞
0
∫ i2
0
ln(1 + 4γF ′i1i2)fISD(i1)fIRD(i2)di1di2
+
1
ln (4)
∫ ∞
0
ln
(
1 + 4γi2
)
FIRD(i)fISD(i)di = C
′
BDF + CDT,
(3.66)
where F ′ is another correcting factor that is derived in a similar way to F (See Appendix
B.4). Unfortunately, an approximate closed-form solution for C ′BDF is not available and,
hence, a numerical integration must be used. On the contrary, the term CDT can be
expressed in closed-form in terms of GBMGF (See Appendix A.6). Nevertheless, an ap-
proximate closed-form expression for CADF cannot be found. In this way, an asymptotic
analysis is carried out at high SNR as in Eq. (3.60). Thus, after performing some algebraic
manipulations in Eq. (3.66), we obtain
CHADF/B
.
=
ln(4γF ′)
ln(4)
∫ ∞
0
FISD(i)fIRD(i)di+
1
ln(4)
∫ ∞
0
∫ i2
0
ln(i1i2)fISD(i1)fIRD(i2)di1di2︸ ︷︷ ︸
CH
′
BDF
+
ln(4γ)
ln(4)
∫ ∞
0
FIRD(i)fISD(i)di+
2
ln(4)
∫ ∞
0
ln(i)FIRD(i)fISD(i)di︸ ︷︷ ︸
CHDT
= CH
′
BDF + C
H
DT.
(3.67)
It is noteworthy to mention that the average probability when the source node selects
cooperative transmission instead of direct transmission is defined as follows
P =
∫ ∞
0
FISD(i)fIRD(i)di. (3.68)
On the contrary, the average probability when the source node selects direct transmission
instead of cooperative transmission is defined as follows
1− P =
∫ ∞
0
FIRD(i)fISD(i)di. (3.69)
Note that P is independent of the SNR γ, resulting in a positive value that is upper bounded
by 1. To evaluate Eq. (3.68), we can use [59, eqn. (2.24.1.2)] in order to transform the
integral expression in terms of the Meijer’s G-function (See Appendix A.3.2). Hence, a
closed-form solution is obtained as can be seen in
P =
ϕ2RDϕ
2
SDG
4,3
5,5
(
αRDβRDA0SDLSD
αSDβSDA0RDLRD
∣∣∣∣∣ 1− ϕ2SD, 1− αSD, 1− βSD, 1, ϕ2RD + 1ϕ2RD, αRD, βRD, 0,−ϕ2SD
)
Γ(αRD)Γ(αSD)Γ(βRD)Γ(βSD)
. (3.70)
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Finally, the asymptotic expression for the ergodic capacity expression of the ADF coopera-
tive protocol CHADF is given by
CHADF/B
.
=
ln(4γ) + P ln(F ′) + I1 + 2I2
ln(4)
, (3.71)
where
I1 =
∫ ∞
0
∫ i2
0
ln(i1i2)fISD(i1)fIRD(i2)di1di2, (3.72a)
I2 =
∫ ∞
0
ln(i)FIRD(i)fISD(i)di. (3.72b)
Unfortunately, the corresponding closed-form solution of the integral I1 cannot be deter-
mined and a numerical integration should be also used. However, the integral I2 can be
expressed in closed-form. Note that I2 involves the product of the three independent Meijer’s
G-functions which can be expressed in terms of the GBMGF (See Appendix A.6). Hence,
the expression of I2 is given by
I2 =
ϕ2SDϕ
2
RD
Γ(αSD)Γ(βSD)Γ(αRD)Γ(βRD)
×G2,2:3,1:3,02,2:2,4:1,3
(
1, 1
1, 1
∣∣∣∣∣ 1, ϕ2RD + 1ϕ2RD, αRD, βRD
∣∣∣∣∣ ϕ2SD + 1ϕ2SD, αSD, βSD
∣∣∣∣ αRDβRDA0RDLRD , αSDβSDA0SDLSD
)
.
(3.73)
To the best of our knowledge, the GBMGF is not available in standard mathematical pack-
ages such as MathematicaTM, MapleTMor MatlabTM. However, the GBMGF in Eq. (3.73)
can be computed in an efficient manner by using the two-fold Mellin-Barnes representation
of the Meijer’s G-function. Similar to [130, Table II] and [131, appendix], the GBMGF
was implemented using a MathematicaTMimplementation for the numerical evaluation of
Eq. (3.73). Both I1 and I2 are independent of the SNR γ.
3.6.4 Numerical Results and Discussion
From this ergodic capacity analysis, it can be deduced that the main aspect to consider
in order to optimize the ergodic capacity is the relay location as well as channel parame-
ters. Both aspects play an important role in ergodic capacity analysis for cooperative FSO
systems.
The corresponding results of this ergodic capacity analysis are depicted in Fig. 3.13 when
different relay locations of yR={0.5 km, 2 km} are considered for a S-D link distance of
dSD = 3 km. Different weather conditions are adopted as shown in Table 3.1. Pointing
errors are present assuming a normalized beam width value of ωz/a = 5 and different nor-
malized jitter values of σs/a = {1, 3} for each FSO link. A remarkable improvement in
performance can be observed at high SNR in both DF relaying strategies, when comparing
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to the direct transmission without cooperative communication. Monte Carlo simulation
results are furthermore included as a reference (Eq. (3.46) for BDF cooperative protocol,
Eq. (3.65) for ADF cooperative protocol and Eq. (2.52) for the direct transmission), con-
firming the accuracy of the proposed approximation, and usefulness of the derived results. In
addition, this figure shows a high accuracy of the asymptotic results based on the logarithm
approximation given in Eqs. (3.62), (3.71) and (2.59) at high SNR.
This ergodic capacity analysis can be extended in order to obtain a point where the asymp-
totic ergodic capacity intersects with the γ-axis, as in previous sections. In this way, from
Eq. (3.62) we can obtain the corresponding expression of γthBDF in terms of the channel
parameters as follows
γthBDF[dB] = −
10 ln(4F )
ln(10)
+
10
ln(10)
(
1
ϕ2SD
+
1
ϕ2RD
)
+
10
ln(10)
(
ln
(
αSDβSDαRDβRD
A0SDLSDA0RDLRD
)
− ψ(αSD)− ψ(βSD)− ψ(αRD)− ψ(βRD)
)
.
(3.74)
Similar to Eq. (3.74), from Eq. (3.71) we can also obtain the corresponding SNR threshold
of γthADF in terms of the channel parameters as follows
γthADF[dB] = −
10
ln(10)
(
I1 + 2I2 + P ln(F
′) + ln(4)
)
. (3.75)
From Eqs. (3.74) and (3.13), we can obtain this improvement or gain of the BDF cooperative
protocol in relation to the direct transmission, i.e. GBDF[dB], as follows
GBDF[dB] = γ
th
DT[dB]− γthBDF[dB]. (3.76)
At the same time, from Eqs. (3.75) and (3.13), we can also obtain the improvement or gain
of the ADF cooperative protocol in relation to the direct transmission, i.e. GADF[dB], as
follows
GADF[dB] = γ
th
DT[dB]− γthADF[dB]. (3.77)
For a better understanding of the impact of the three-node cooperative FSO system under
study, these gains, i.e., GBDF[dB] in Eq. (3.76) and GADF[dB] in Eq. (3.77) are plotted in
Fig. 3.14 as a function of the horizontal displacement of the relay node xR for a S-D link dis-
tance of dSD = 3 km when different relay locations of yR = {0.5 km, 1 km, 1.5 km, 2 km}
are assumed. In order to show the effect of pointing errors on the ergodic capacity, dif-
ferent normalized beam width and normalized jitter values of (ωz/a, σs/a) = (5, 1) and
(ωz/a, σs/a) = (5, 3) are considered. Moreover, it can be observed that cooperative com-
munications can be used in order to achieve a greater robustness against pointing errors
since the obtained performance is much better with respect to the direct transmission when
more severe pointing errors are considered. It should be also noted that ergodic capacity is
severely degraded as normalized jitter increases.
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Figure 3.13: Ergodic capacity for a S-D link distance of dSD = 3 km when different
weather condition and different normalized beam width and normalized jitter values of
(ωz/a, σs/a) = (5, 1) and (ωz/a,σs/a) = (5, 3) are assumed.
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Figure 3.14: Gain, G[dB], for a S-D link distance of dSD = 3 km when different
weather conditions and different normalized beam width and normalized jitter values of
(ωz/a, σs/a) = (5, 1) and (ωz/a, σs/a) = (5, 3) are assumed.
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As expected, the ergodic capacity is strongly dependent on the relay location regardless of
the cooperative protocol adopted. It must be highlighted that the ergodic capacity shows
one maximum value when the horizontal displacement of the relay node is equal to the S-D
link distance regardless of the atmospheric turbulence and pointing errors. This maximum
gain is related to the minimum R-D link distance due to the fact that the relation xR = dSD
holds and, hence, the received SNR at the destination node is maximum. On the one
hand, it can be seen that ADF cooperative protocol always presents a better and robuster
performance than BDF cooperative protocol due to the fact that ADF is based on the
selection of the optical path with a greater value of irradiance. On the other hand, the
BDF cooperative protocol is only able to achieve a better performance than the direct
transmission for specific relay locations. In other words, BDF cooperative protocol does not
improve the ergodic capacity for longer R-D link distances.
Finally, it can be seen in Fig. 3.13 that gains of 4.83 dB and 7.26 dB for ADF in contrast
to gains of 2.96 dB and 4.05 dB for BDF under moderate turbulence when normalized
beam width and normalized jitter values of (ωz/a, σs/a) = (5, 1) and (ωz/a, σs/a) = (5, 3)
are considered, respectively. Analogously, it can be also seen in Fig. 3.13 that gains of 5.1
dB and 7.38 dB for ADF in contrast to gains of 3.08 dB and 4.62 dB for BDF under strong
turbulence when normalized beam width and normalized jitter values of (ωz/a, σs/a) = (5, 1)
and (ωz/a, σs/a) = (5, 3) are considered, respectively.
3.7 Summary
Ergodic capacity analysis in terms of approximate closed-form expressions is presented along
with some simulation results to validate these analytical expressions. This ergodic capacity
analysis is carried out in the context of advanced FSO communication techniques such as
MISO, SIMO, MIMO and cooperative communication over atmospheric turbulence channels
with pointing errors.
To the best of our knowledge, the study of the ergodic capacity of MISO FSO systems was
never taken into account in the literature. In this way, this research problem is addressed
in this thesis, presenting new results for the optics community. The ergodic capacity is
analyzed over GG atmospheric turbulence channels with zero boresight pointing errors when
IM/DD and EGC reception are implemented. [18]. The key contribution of this study are
summarized as follows
• A novel closed-form expression is obtained for the ergodic capacity over GG fading
channels with pointing errors which allows us to compute the capacity from low to
high SNR.
• The closed-form expression is derived in terms of H-Fox function by using the well-
known inequality between arithmetic and geometric means of positive RVs in order
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to obtain an approximate closed-form expression of the distribution of the sum of M
GG with pointing errors variates.
• An asymptotic closed-form expression at high SNR for the ergodic capacity of MISO
FSO systems is also derived to study other effects such as the impact of pointing errors
at high SNR, the impact of number of lasers, among others.
With the goal of generalizing the results obtained in the previous study, the ergodic capacity
analysis is extended to MIMO FSO systems in [17] over different atmospheric turbulence
models and under the presence of nonzero boresight pointing errors when IM/DD and EGC
reception are implemented. The effect of nonzero boresight is a new feature in this analysis
and in the open literature. To the best of our knowledge, there are no reported works
that take into consideration the effect of nonzero boresight on the performance of MIMO
FSO systems. Such effect was only considered for FSO links, i.e. SISO FSO systems,
in [50,72,101]. In this way, the key contributions of this study are summarized as follows
• A new methodology has been proposed in order to generate different receiver con-
figurations from the juxtaposition of equilateral triangles which guarantees a notable
reduction of the effect of the inherent boresight displacement against other geometric
arrangements at the receiver.
• Asymptotic closed-form expressions at high SNR for the ergodic capacity of MIMO
FSO systems are derived over GG atmospheric turbulence channels when different
geometric arrangements of the receive apertures are considered.
• This analysis can be extended to other atmospheric turbulence models such as LN and
EW, among others, in order to analyze the ergodic capacity over weak turbulence or
under aperture averaging conditions.
Finally, the ergodic capacity is also studied for cooperative FSO systems [19]. The purpose
of this analysis is to study and comprehend the ergodic capacity in the context of cooperative
FSO systems for different DF relaying schemes and when LOS is available. In this way, the
key contributions of this study are summarized as follows
• Two different cooperative strategies are analyzed in terms of the capacity for a 3-
way communications setup: BDF cooperative protocol where the source node and the
relay node take part jointly in the cooperation, and ADF cooperative protocol where
the source node selects between cooperative communication and direct transmission
according to the CSI.
• Approximate closed-form expressions are obtained for the ergodic capacity of a DF-
based cooperative FSO system over GG fading channels with pointing errors.
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• The closed-form expressions are derived in terms of Meijer’s G-function by using the
well-known inequality between arithmetic and geometric means of positive RVs.
• An asymptotic analysis at high SNR for the ergodic capacity of these relaying schemes
are also included in order to study the impact of the relay location on the ergodic
capacity.
Chapter 4
Generalized Misalignment Fading
Model
The impact of generalized misalignment fading on performance of FSO communication sys-
tems is carefully analyzed over atmospheric turbulence channels, presenting new results
for the optics community. Besides, a new accurate and useful tool is proposed to model
generalized pointing errors.
4.1 Motivation and Related Work
As commented in Section 2.3.2, FSO communication systems are mainly affected by atmo-
spheric turbulence and pointing errors. An accurate alignment between transmitter and
receiver is required [10, 22, 53]. Pointing accuracy is a critical issue in determining link
performance and reliability, and they might arise due to many different factors such as
building sway and mechanical errors, among others. Adding the effect of pointing errors to
performance of FSO communication systems makes the analysis more difficult and, for that
reason, many authors ignore such effect. It is obvious that pointing errors play an important
role in channel fading characteristics and, hence, this damaging effect must always be taken
into account in FSO system design.
The study of pointing errors from a statistical point of view has been a matter of interest
over the past decade. Many authors have proposed some statistical models to describe and
analyze its impact on performance [53,56,132]. These models present one thing in common:
all of them are obtained under the assumption that building sway is well-described according
to an independent Gaussian distribution for the elevation and the horizontal displacement.
The radial displacement r at the receiver is modeled as a sum of two independent squared
normal Gaussian RVs.
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In [53], a pointing error model was proposed, where the effect of beam width, detector
size and independent identical Gaussian distributions for the elevation and the horizontal
displacement were considered. This model continues to be used in a great deal of research
articles due to its relative simplicity from a mathematical point of view, where the radial
displacement at the receiver is determined by a Rayleigh distribution, as well as due to its
realistic assumptions. This statistical model is considered as a cornerstone of all the pointing
error models. The effect of nonzero boresight is not taken into account in this model, and
neither the effect of different jitters for the elevation and the horizontal displacement. This
model was used to study the outage capacity over LN fading channels in that work. A
few years later, the analysis carried out in [53] was extended in [132] to assume different
jitters for the elevation and the horizontal displacement, i.e., the radial displacement r at the
receiver follows a Hoyt distribution. This model was used to study the BER performance
over LN fading channels. Three years ago, a pointing error model once again based on [53]
was proposed in [56] to consider a nonzero boresight error at the receiver for independent
identical Gaussian distributions for the elevation and the horizontal displacement, i.e, the
radial displacement r at the receiver follows a lognormal-Rician distribution. This model was
used to study the BER and outage performance over LN and GG atmospheric turbulence. In
the case of GG fading channels, obtained results are only valid when atmospheric turbulence
is the dominant effect in relation to pointing errors and, hence, they do not analyze the
performance when pointing error is the dominant effect. Unlike satellite FSO communication
systems, where is generally accepted to assume the same jitter variance for the elevation
and the horizontal displacement as assumed in [56], a more realistic approach was assumed
in [132] for terrestrial FSO links since physical impacts such as dynamic wind loads, thermal
expansion and weak earthquakes have different impact on horizontal and vertical axes of
constructions.
It is evident that there is quite an important need for considering a much more realistic
pointing error model where the effect of different jitters for the elevation and the horizontal
displacement and nonzero boresight errors at the receiver are assumed. In that model,
the radial displacement r at the receiver is determined by the Beckmann distribution [34],
which is a versatile statistical model that includes many distributions as special cases such
as Rayleigh, Hoyt and lognormal-Rician, among others. This generalized approach was
considered in [133] to evaluate the asymptotic ergodic capacity of FSO links over LN and GG
atmospheric turbulence channels. It must be noted that neither a closed-form expression nor
an approximate expression for the composite PDF of atmospheric turbulence and pointing
errors were obtained.
4.2 Statistical Background
Let us to reproduce again some parameters and concepts related to pointing errors as ex-
plained in Section 2.3.2. The attenuation due to geometric spread and pointing errors is
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approximated as follows
Ip(r; z) ≈ A0 exp
(
−2r2
ω2zeq
)
, (4.1)
where v =
√
pia/
√
2ωz, A0 = [erf(v)]
2 is the fraction of the collected power at r = 0, and
ω2zeq = ω
2
z
√
pierf(v)/2v exp(−v2) is the equivalent beam width. The radial displacement r at
the receiver plane can be expressed as r2 = x2 + y2, where x and y represent the horizontal
displacement and the elevation, respectively. Both x and y are modeled as independent
Gaussian RVs with different jitters for the horizontal displacement (σx > 0) and the elevation
(σy > 0), and different boresight errors in each axis of the receiver plane (µx and µy) i.e.,
x ∼ N(µx, σx) and y ∼ N(µy, σy). We can define ϕx = ωzeq/2σx and ϕy = ωzeq/2σy as the
ratios between the equivalent beam radius at the receiver and the corresponding pointing
error displacement standard deviation (jitter) at the receiver. It must be noted that a
circular detection aperture of radius a = D/2 is assumed at the receiver. The beam footprint
with generalized misalignment on the detector plane is illustrated in Fig. 4.1.
Beam footprint
Circular detection aperture
ωz
a
r
σx
σy
µx
µy
x
y
Figure 4.1: Beam footprint with generalized pointing errors on the receiver aperture plane.
In the general case, the radial displacement r at the receiver follows a Beckmann distribution
whose integral-form PDF can be found in [34, eqn. (31)] as follows
fr(r) =
r
2piσxσy
∫ 2pi
0
exp
(
−(r cos θ − µx)
2
2σ2x
− (r sin θ − µy)
2
2σ2y
)
dθ, r ≥ 0. (4.2)
It must be mentioned that finding the combined effect of atmospheric turbulence and gener-
alized pointing errors might be mathematically intractable due to the fact that the Beckmann
distribution presents certain impediments from a practical point of view since a closed-form
solution for its integral in Eq. (4.2) is unknown.
One of the statistical tools that can be used to mathematically treat the Beckmann distribu-
tion is the moment generating function (MGF) of the squared Beckmann distribution (r2).
In probability theory, the MGF of a RV χ is defined as the expectation of the RV exp (tχ)
as
Mχ(t) = E[exp (tχ)] =
∫ ∞
−∞
exp(tx)fχ(x)dx. (4.3)
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Therefore, the corresponding MGF of the squared Beckmann distribution can easily be
derived from the sum of two independent squared normal RVs [73, eqn. (2.37)] as
Mr2(t) = E[et·r
2
] =
exp
(
µ2xt
1−2tσ2x +
µ2yt
1−2tσ2y
)
√
(1− 2tσ2x)
(
1− 2tσ2y
) . (4.4)
Note that Mr2(·) is always greater than zero, i.e., ∀t Mr2(t) ≥ 0.
4.3 Structure
The remainder of this chapter is organized as follows. In Section 4.4, the impact of general-
ized pointing errors on the outage performance is evaluated over EW atmospheric turbulence
channels where the results are only valid when atmospheric turbulence is the dominant ef-
fect. Next, an approximation of the well-known Beckmann distribution is proposed to model
generalized pointing errors in Section 4.5. This approximation is used to evaluate the BER
and outage performance over GG atmospheric turbulence channels not only when atmo-
spheric turbulence is the dominant effect, but also when pointing errors is the dominant
effect. In addition, this tool is used to find optimum beam widths that minimize the impact
of pointing error effects in a variety of atmospheric turbulence conditions. In Section 4.6,
the approximation previously presented is used to add the effect of correlated sways to the
FSO system. Finally, this chapter is concluded in Section 4.7.
4.4 An MGF-Based Approach to Analyze Generalized Point-
ing Errors
This analysis can be considered as a first step into the performance analysis of FSO systems
under the effect of generalized pointing errors, resulting in two more works that will be
presented in the next sections. These results are only valid when atmospheric turbulence is
the dominant effect in relation to pointing errors.
This analysis focuses on the asymptotic outage performance of FSO links over EW atmo-
spheric turbulence channels with generalized pointing errors (following a Beckmann distri-
bution) by using an MGF-based approach as given in Eq. (4.4). It must be noted that there
are no reported works that investigate the outage performance of FSO systems over EW
atmospheric turbulence with generalized pointing errors.
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4.4.1 System and Channel Models
Let us consider a SISO FSO system that is based on IM/DD and OOK modulation. The
statistical channel model for a SISO FSO system is given in Eq. (2.3) as
Y = IX + Z, Z ∼ N(0, N0/2), (4.5)
where I represents the equivalent irradiance through the optical channel between the trans-
mit aperture and the photodetector. The received electrical SNR is also given in Eq. (2.47)
as γT (i) = 4γi
2, where γ = P 2t Tb/N0 represents the electrical SNR in absence of turbulence.
In this analysis, atmospheric turbulence is modeled by the EW distribution in order to
consider a wide range of turbulence conditions (weak-to-strong) and aperture averaging
conditions, i.e., when the condition D ≥ ρc holds. The PDF of EW atmospheric turbulence
was presented in Eq. (2.22), and it is given by
fIa(i) =
m1m2
m3
(
i
m3
)m2−1
× exp
(
−
(
i
m3
)m2){
1− exp
(
−
(
i
m3
)m2)}m1−1
, i ≥ 0
(4.6)
where m2 > 0 is a shape parameter related to the SI, m3 > 0 is a scale parameter related to
the mean value of the irradiance, and m1 > 0 is an extra shape parameter that is strongly
dependent on the receiver aperture size. Pointing errors are modeled by the Beckmann
distribution as given in Eq. (4.2).
Determining the combined effect of atmospheric turbulence and generalized pointing errors
might be mathematically intractable due to the reasons as commented before. As a first
step into the analysis of generalized pointing errors, an asymptotic analysis at high SNR is
investigated in order to study how generalized pointing errors and atmospheric turbulence
impact on outage performance when atmospheric turbulence is the dominant effect in rela-
tion to pointing errors. In this way, an asymptotic expression for atmospheric turbulence is
adopted. Hence, the corresponding asymptotic expression of fIa(i) is given by Eq. (2.37) as
fIa(i)
.
= aib−1, i ≥ 0 (4.7)
based on the fact that the asymptotic behavior of the system performance is dominated
by the behavior of the PDF near the origin, i.e. fIa(i) at i → 0 determines high SNR
performance. In this case, we obtain the corresponding asymptotic behavior of atmospheric
turbulence due to the fact that the combined PDF of atmospheric turbulence and point-
ing errors is unknown regardless of the considered atmospheric turbulence model. At the
end of this subsection, the EW atmospheric turbulence model will be assumed, and the
corresponding parameters a and b will be computed.
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In this chapter fI(i) represents the combined PDF of atmospheric turbulence and generalized
pointing errors and, hence, the PDF of I = L · Ia · Ip can also be obtained as
fI(i) =
∫ A0
0
fI|Ip(i|L · ip)fIp(ip)dip, (4.8)
where fI|Ip(i|L · ip) is the conditional probability given a pointing error state Ip and L acts
as a scaling factor. Hence, the resulting conditional distribution can be written as
fI|Ip(i|L · ip) =
1
L · ip fIa
(
i
L · ip
)
. (4.9)
Now, substituting Eq. (4.7) into Eq. (4.9) gives
fI|Ip(i|L · ip) =
a
L · ip fIa
(
i
L · ip
)
.
=
a
L · ip
(
i
L · ip
)b−1
. (4.10)
The asymptotic behavior of the PDF of I, i.e. combined effect of atmospheric turbulence
and generalized pointing errors, can be expressed as follows
fI(i)
.
=
a
L
∫ A0
0
1
ip
(
i
L · ip
)b−1
fIp(ip)dip =
a
Lb
ib−1
∫ A0
0
i−bp fIp(ip)dip︸ ︷︷ ︸
E[I−bp ]
. (4.11)
In order to avoid computing the PDF of the generalized pointing error fIp(i), we use an
MGF-based approach. In this way, the above integral can be interpreted as E
[
I−bp
]
since Ip
is defined from 0 to A0. Hence, taking into account that Ip(r; z) ≈ A0 exp
(
−2r2
ω2zeq
)
, we can
rewrite E
[
I−bp
]
as follows
E
[
I−bp
]
= E
(A0 exp(−2r2
ω2zeq
))−b = A−b0 · E
[
exp
(
2br2
ω2zeq
)]
. (4.12)
Knowing that the MGF of a RV χ is defined as the expectation of the RV exp (tχ), the
above equation is computed as the corresponding MGF of the RV r2 as
E
[
I−bp
]
= A−b0 · E
[
exp
(
2br2
ω2zeq
)]
= A−b0 Mr2
(
2b
ω2zeq
)
. (4.13)
Hence, substituting Eq. (4.13) into Eq. (4.11), the asymptotic behavior of the PDF of I is
finally expressed as
fI(i)
.
=
a
(LA0)b
ib−1E
[
e
2br2
ω2zeq
]
=
aMr2
(
2b
ω2zeq
)
(LA0)b
ib−1, i ≥ 0. (4.14)
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Taking into account that ω2zeq = 4σxσyϕxϕy, Mr2
(
2b
ω2zeq
)
yields
Mr2
(
2b
ω2zeq
)
= Mr2
(
b
2σxσyϕxϕy
)
=
ϕxϕy exp
(
bµ2x
2σ2x(ϕ
2
x−b) +
bµ2y
2σ2y(ϕ2y−b)
)
√
(ϕ2x − b)
(
ϕ2y − b
) . (4.15)
Note that both ϕ2x and ϕ
2
y must be greater than b since ∀t Mr2(t) ≥ 0.
4.4.2 Performance Analysis
As explained in Subsection 2.4.2, the outage probability Pout is defined as the probability
that the received electrical SNR γT (i) = 4γi
2 falls below a certain specified threshold γth,
i.e (γT (i) ≤ γth), and, hence, this metric is computed as
Pout = P (4γi
2 ≤ γth) =
∫ √γth/4γ
0
fI(i)di. (4.16)
In this way, the asymptotic closed-form expression for the outage probability of the consid-
ered SISO FSO system can readily be obtained with the help of Eq. (4.14) as follows
Pout =
∫ √γth/4γ
0
fI(i)di
.
=
aMr2
(
2b
ω2zeq
)
(LA0)b
∫ √γth/4γ
0
ib−1di
=
aMr2
(
b
2σxσyϕxϕy
)
b(2LA0)b
(
γth
γ
) b
2
=

aMr2
(
b
2σxσyϕxϕy
)
b(2LA0)b
−
2
b
· γ
γth

− b
2
,
(4.17)
It is straightforward to show that the outage probability behaves asymptotically as
Pout
.
= (Ocγ)
−Od , where Od and Oc denote outage diversity and coding gain, as commented
in Subsection 2.4.2. Note that the outage diversity only depends on atmospheric turbulence,
i.e., Od = b/2 and, for that reason, this result is only valid when atmospheric turbulence is
the dominant effect.
Now, we can particularize the asymptotic expression of the outage performance for EW
atmospheric turbulence. In this way, the corresponding asymptotic expression of fIa(i),
where Ia is distributed according to the EW dsitribution, can easily be obtained from the
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corresponding series expansion of the exponential function in Eq. (4.6) as follows
fIa(i)
.
= aib−1
=
m1m2
m3
(
i
m3
)m2−1{
1− 1 + i
m2
mm23
}m1−1
=
m1m2
m3
(
i
m3
)m2−1 im1m2−m2
mm1m2−m23
=
m1m2
mm1m23
im1m2−1, i ≥ 0.
(4.18)
For the sake of clarity, a = m1m2/m
m1m2
3 and b = m1m2. In order to provide more in-
sights into Eq. (4.17) when EW atmospheric turbulence has been evaluated, we can say
that the outage diversity is Od = m1m2/2 when the effect of EW atmospheric turbulence
is the dominant effect in relation to generalized pointing errors at high SNR, i.e, when
m1m2 < {ϕ2x, ϕ2y} according to Eq. (4.15) and, hence, the asymptotic expression is only
valid when atmospheric turbulence is the dominant effect. In other words, the outage di-
versity only depends on atmospheric turbulence when larger amounts of misalignment are
not assumed. By other hand, it is conjectured that outage diversity will depend on ϕ2x, ϕ
2
y
and nonzero boresight errors when pointing errors dominate. However, this case is difficult
to derive due to the Beckmann distribution. This case will be studied in the next sections.
It can be shown that most practical terrestrial FSO systems operate under the condition of
atmospheric turbulence is the dominant effect. This will be verified numerically in the next
subsection. It must also be mentioned that a much higher outage diversity can be achieved
under this condition and, hence, a much better performance is obtained. As a result, the
adoption of the transmitter with accurate control of their beam width is especially important
here to satisfy this desired FSO scenario in order to maximize the outage diversity.
It can be convenient to compare with the outage performance obtained here in a similar con-
text without considering generalized pointing errors. Knowing that the impact of pointing
errors in this analysis can be suppressed by assuming A0 → 1, µx = µy = 0, ϕ2x → ∞ and
ϕ2y →∞, the corresponding asymptotic expression can easily be derived from Eq. (4.17) as
follows
Pnpeout
.
=
[(
a
b(2L)b
)− 2
b
· γ
γth
]− b
2
=

(
1
(2Lm3)m1m2
)− 2
m1m2
︸ ︷︷ ︸
Onpec
· γ
γth

−m1m2
2
. (4.19)
Note that the above expression is the corresponding asymptotic behavior of the outage prob-
ability over EW atmospheric turbulence when generalized pointing errors are not considered,
which allows us to easily obtain once again the outage diversity, i.e., the slope of the outage
probability versus SNR. It is noteworthy to mention that the outage diversity Od = m1m2/2
of the EW atmospheric turbulence had not been derived in any earlier work [44,45,47–51],
which not only depends on channel parameters but also on aperture averaging.
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Table 4.1: SISO FSO system configuration.
Parameter Symbol Value
S-D link distance dSD 3 km
Wavelength λ 1550 nm
Receiver aperture diameter D = 2a 10 cm
Transmit divergence at 1/e2 θz 0.66 mrad
Beam width at 3 km ωz ≈200 cm
Jitter angle at 1/e2 θs 0.11 mrad
Maximum jitter at 3 km σx, σy ≈35 cm
Boresight angle at 1/e2 θb 0.06 mrad
Maximum boresight at 3 km µx, µy ≈20 cm
Table 4.2: Weather conditions for EW atmospheric turbulence.
Weather Visibility (km) C2n ×10−14 m−2/3
Haze 4 2 (Moderate turb.)
Clear 16 8 (Strong turb.)
4.4.3 Numerical Results and Discussion
As an illustration of the asymptotic expression for the outage probability obtained in
Eq. (4.17), some numerical results over EW atmospheric turbulence channels with gen-
eralized pointing errors are analyzed in this subsection. It must be noted that the system
configuration adopted in this study is used in most practical terrestrial FSO communication
systems as in [22, 53, 56, 134] as shown in Table 4.1. Different weather conditions are also
adopted as shown in Table 4.2. Rytov variance values of σ2R = {3, 12} are derived for a
S-D link distance of dSD = 3 km corresponding to moderate and strong turbulence, respec-
tively. Additionally, the optical beam width is relatively wide of 2-10 mrad of divergence
at 1/e2 that is equivalent to a beam spread of 6-30 m at 3 km (the S-D link distance
considered here). Nevertheless, a narrower beam width should be used to avoid a high
geometric loss when link distances greater than one kilometer are assumed. In this case,
the use of automatic pointing and tracking systems is required in order to reduce pointing
error effects, typically between 0.05-1 mrad of divergence at 1/e2 that is equivalent to a
beam spread of 15-300 cm at 3 km [22, 134]. Pointing errors are present assuming different
84 CHAPTER 4. GENERALIZED MISALIGNMENT FADING MODEL
20 40 60 80 100
10−9
10−8
10−7
10−6
10−5
10−4
10−3
10−2
10−1
100
Normalized electrical SNR, γ/γth (dB)
A
ve
ra
ge
ou
ta
ge
pr
ob
ab
ili
ty
Eq. (4.17)
Monte Carlo
Moderate
Strong
ωz = 200 cm
dSD = 3 km
(µx, µy) = (10, 20) cm
(σx, σy) = (35, 35) cm (σx, σy) = (30, 15) cm
(σx, σy) = (10, 5) cm no pointing errors
Figure 4.2: Outage performance for a 10 cm receiver aperture together with a beam width
value of ωz = 200 cm when different jitter values of (σx, σy) = {(35, 35), (30, 15), (10, 5)} cm
are assumed under different atmospheric turbulence conditions.
jitters values and nonzero boresight errors, which can take values up to 0.1 mrad or even
much smaller [55]. Parameters m1, m2 and m3 are calculated from Eq. (2.23), obtaining
values of (m1,m2,m3) = (4.57, 1.18, 0.52) and (m1,m2,m3) = (4.31, 1.35, 0.58) correspond-
ing to moderate and strong turbulence, respectively, for a S-D link distance of dSD = 3 km
and a 10 cm receiver aperture.
Outage Probability
The corresponding results of this asymptotic outage performance analysis are depicted in
Fig. 4.2 as a function of the inverse normalized threshold SNR γ/γth when a D = 10 cm
receiver aperture is used. This aperture size has been selected according to the techni-
cal specifications for commercial FSO applications given in [11]. A beam width value of
ωz = 200 cm is considered corresponding to a 0.66 mrad of divergence at 3 km approxi-
mately. It can be shown that a value of ϕ2 = 6.25 greater than the product of m1m2 is
computed when a beam width value of ωz = 200 cm and a jitter angle of 0.13 mrad at 1/e
2
that is equivalent to a jitter value of 40 cm at 3 km are assumed. Hence, atmospheric
turbulence is the dominant effect even when the greatest jitter value is considered. At
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the same time, different jitters values of (σx, σy) = {(35, 35), (30, 15), (10, 5)} cm together
with boresight error values of (µx, µy) = (10, 20) cm are considered in order to evaluate how
generalized pointing errors impact on the FSO communications system under different at-
mospheric turbulence and aperture averaging conditions. In order to confirm the accuracy
and usefulness of the derived expression, Monte Carlo simulation results are included as
usual. Although the typical outage performance target is set to 10−6 for most practical
FSO systems, Monte Carlo simulation results only up to 10−9 (due to long time involved)
are included in this analysis due to the fact that targets as low as 10−9 are typically aimed
to achieve. As can be seen in Fig. 4.2, the derived expression for the outage probability is in
good agreement with these simulation results. Furthermore, simulation results corroborate
that the obtained asymptotic expression leads to a simple bound on the outage probability
that get tighter over a wide range of SNR. Outage performance without pointing errors
is also displayed by using Eq. (4.19). As commented before, a higher diversity order is
achieved, which is determined by the product of m1m2/2, when atmospheric turbulence is
the dominant effect in relation to generalized pointing errors. This assumption is widely
adopted in most practical terrestrial FSO communication systems. Furthermore, it can
be observed that the outage probability decreases as generalized pointing errors increase.
In other words, jitters values of (σx, σy) = {(35, 35), (30, 15)} cm significantly reduce much
more the outage performance than jitters values of (σx, σy) = (10, 5) cm in both atmospheric
turbulence scenarios. It should be highlighted that the 10 cm receiver aperture is consid-
ered as an aperture-averaged receiver under moderate-to-strong turbulence due to the fact
that this diameter is greater than the correlation length ρc = {12.6, 5.5} mm under moder-
ate and strong turbulence, respectively. As expected, aperture averaging can significantly
improve the performance under moderate and strong atmospheric turbulence regardless of
generalized pointing errors. A very interesting point is that the outage diversity is smaller in
moderate turbulence than strong turbulence for this receiver aperture. This point might be
confusing since we use a larger aperture receiver to mitigate the effect of atmospheric turbu-
lence. But this one can be explained from the SI point of view. In moderate turbulence, the
SI is at the beginning of the saturation regime and, hence, the effect of aperture averaging is
less efficient. At the same time, in strong turbulence, we are in a well-established saturation
regime as commented in Chapter 2. This phenomenon has been investigated by different
authors in the literature [135,136] where pointing error effects were not considered.
On the one hand, outage diversities of 2.7 and 2.92 are obtained over moderate and strong
turbulence, respectively. On the other hand, a coding gain of 8.3 dB is achieved over strong
turbulence channels in relation to moderate turbulence channels when a different visibility
is considered. Although, a coding gain of approximately 1 dB is also achieved over strong
turbulence when the same visibility is assumed for both turbulence regimes. It can also
be observed that aperture averaging can take place even for relatively small apertures, i.e.
D = 10 cm, particularly under strong turbulence conditions as concluded in [135].
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Figure 4.3: Losspe[dB] for moderate atmospheric turbulence and strong atmospheric turbu-
lence when a 10 cm receiver aperture together with a beam width value of ωz = 200 cm are
considered under different nonzero boresight error values.
Impact of generalized pointing errors
Taking into account the coding gain Oc in Eq. (4.17), the impact of generalized pointing
errors translates into a loss, Losspe[dB], relative to a generic atmospheric turbulence without
generalized misalignment fading in Eq. (4.19) given by
Losspe[dB] , 10 log
(
Onpec
Oc
)
= −20
b
log
 a/b(2L)b
aMr2
(
b
2σxσyϕxϕy
)
/b(2LA0)b

=
20
b
log10
(
A−b0 Mr2
(
b
2σxσyϕxϕy
))
.
(4.20)
Now, we can particularize the above expression for EW atmospheric turbulence as
Losspe[dB] ,
20
m1m2
log10
(
A−m1m20 Mr2
(
m1m2
2σxσyϕxϕy
))
. (4.21)
The above expression computes the additional power needed to obtain a given outage per-
formance when there is pointing error versus no pointing error. Losspe[dB] is plotted in
Fig. 4.3 for a 10 cm receiver aperture as a function of the S-D link distance when different
jitter values and boresight errors are considered as well as different turbulence conditions.
It can be observed in Fig. 4.3 that the loss generally remains at a constant level as S-D
link distance increases. However, it can also be seen in this figure that the loss slightly in-
creases as the S-D link distance increases under strong turbulence conditions due to the fact
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Figure 4.4: Optimum beam width, ωzopt , versus horizontal jitter, σx, when different vertical
jitter values, σy, are assumed in FSO links over EW atmospheric turbulence together with
a S-D link distance of dSD = 3 km for a 10 cm receiver aperture.
that the product of m1m2 also increases as the S-D link distance increases for this aperture
size (D = 10 cm). Additionally, the loss increases considerably as nonzero boresight errors
increase, i.e., as the impact of pointing errors is more severe.
Beam Width Optimization
In order to minimize the effect of generalized pointing errors, the beam width ωz is chosen
to minimize the outage probability in Fig. 4.4. Note that the beam width is an important
parameter to consider in FSO communications link design. In this way, the optimization
procedure is finished by finding the optimum beam width ωzopt that gives the minimum
loss in Eq. (4.21). This optimum beam width is achieved by using numerical observation
methods for different jitter values and an aperture size of D = 10 cm. The optimum value
is obtained with the help of software packages such as MathematicaTM(version 10.4.1.0)
by using a derivative-based method, which was found through a sweep of the beam width
subject to constraints such as ωz > 6a, ωz > {σx, σy} and m1m2 < {ϕ2x, ϕ2y}. It can be seen
in Fig. 4.4 that numerical results for the optimum beam width are plotted as a function of the
horizontal jitter when different vertical jitter values of σy = {10, 20, 25, 30} cm are assumed.
From this figure, it can be deduced that the outage performance optimization provides
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Figure 4.5: Outage performance for a 10 cm receiver aperture together with jitter values
of (σx, σy) = (5, 20) cm when different beam width values of ωz = {100, 150, 200} cm are
assumed under different atmospheric turbulence conditions.
numerical results (red, blue, green and cyan colors) tending to a linear performance for each
value of σy (black color), where the corresponding slope only depends on EW atmospheric
turbulence. Note that the optimum beam width depends on the maximum value between
σx and σy. This linear behavior leads to easily obtain a first-degree polynomial, which is
derived from the optimum beam width values through polynomial interpolation given by
ωzopt ≈ (−0.036(m1m2)2 + 0.77m1m2 + 1.76)σx, σy < σx (4.22)
where the slope follows a quadratic form in m1m2. In the light of the expression obtained
in Eq. (4.22), it can be observed that the optimum beam width is strongly dependent on
the outage diversity, Od = m1m2/2. In other words, this optimum beam width depends on
the aperture averaging and the receiver aperture diameter due to the fact that m1 and m2
are related to these parameters through the scintillation index as can be seen in Eqs. (2.13)
and (2.23). As can be seen in Fig. 4.4, it is clearly depicted that the approximation remains
very close to numerical results. Interestingly, it can also be seen in this figure that different
slopes are derived for the optimum beam width when the product of m1m2 is equal to 5.41
and 5.84 for moderate and strong turbulence, respectively. Note that the expression in
Eq. (4.22) can only be used when the relation σy < σx holds. It is noteworthy to mention
that a slightly greater optimum beam width is required for strong turbulence in comparison
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with moderate turbulence due to the fact that the product of m1m2 is greater under strong
turbulence than moderate turbulence. It should be noted that the above expression can be
used to estimate the optimum beam width when the boresight error takes small values up
to 0.03 mrad, as reported in [55].
Numerical results for the optimum beam width are used in Fig. 4.5 for a 10 cm receiver
aperture when jitter values of (σx, σy) = (5, 20) cm are assumed under different turbulence
conditions. According to Eq. (4.21), it can be observed in Fig. 4.5 that losses of 48, 53.2 and
57.2 decibels are achieved for beam width values of ωz = {100, 150, 200} cm under moderate
turbulence conditions. Analogously, losses of 48, 53.2 and 57.2 decibels are also achieved
for beam width values of ωz = {100, 150, 200} cm under strong turbulence conditions. Note
that the minimum achievable loss for jitter values of (σx, σy) = (5, 20) cm is 48 dB for an
optimum beam width of ωzopt = 100 cm in this case.
4.5 Approximation of Generalized Pointing Errors
The second step into the analysis of generalized pointing errors is stated as follows. Due to
the fact that finding a closed-form expression of the combined PDF of atmospheric turbu-
lence and generalized pointing errors is mathematically intractable, we introduce an efficient
and accurate approximation of the Beckmann distribution in this section, which is used
to model generalized pointing errors with high precision over GG atmospheric turbulence
channels. In this way, we derive an approximate closed-form PDF for the composite GG
atmospheric turbulence with pointing errors by using the proposed approximation of the
Beckmann distribution, which is valid for typical values in terrestrial FSO links and more
extreme FSO scenarios. The performance of FSO communication links is analyzed in terms
of the BER and outage probability. Moreover, the accuracy of the method is measured both
visually and quantitatively using curve-fitting metrics.
The key contribution of this study in relation to the study performed in the previous section
is that this novel approximation allows us to obtain its asymptotic behavior and delimit two
different FSO scenarios. The first of them is when atmospheric turbulence is the dominant
effect in relation to generalized pointing errors, and the second one when generalized pointing
error is the dominant effect in relation to atmospheric turbulence (this scenario was unknown
in the previous study and in the literature). Unfortunately, delimiting these two FSO
scenarios has not been analyzed in-depth in the literature when the radial displacement r
is not determined by a Rayleigh distribution, as in [56, 132]. In [132], obtained expressions
for the BER over GG fading channels when the radial displacement r is determined by
a Hoyt distribution are not valid for larger amounts of misalignment, i.e., when pointing
errors become dominant in relation to atmospheric turbulence. Hence, we do not know
when pointing errors begin to be dominant from a mathematical point of view. At the
same time, in [56], the diversity order gain is given as a function of atmospheric turbulence
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parameters, not being valid the obtained asymptotic expressions for the BER over GG fading
channels when pointing error is the dominant effect, and, hence, as in [132], not knowing
when pointing errors begin to be dominant. This study pretends to fill this gap with the
proposed approximation of the Beckmann distribution.
4.5.1 System and Channel Models
As in the previous section, the statistical channel model for a SISO FSO system is given in
Eq. (2.3) as
Y = IX + Z, Z ∼ N(0, N0/2). (4.23)
Now, a novel approximation of the Beckmann distribution is presented and analyzed. As a
result, the PDF in Eq. (4.2), i.e. the Beckmann distribution, is approximated by a modified
Rayleigh distribution of parameter σmod. The advantage of approximating the Beckmann
distribution by a modified Rayleigh distribution is twofold:
(1) The corresponding PDF of Ip can easily be obtained as in [53, eqn. (11)] when the
radial displacement r at the receiver is determined by a Rayleigh distribution.
(2) The combined effect of GG atmospheric turbulence and pointing errors based on a
modified Rayleigh distribution allows us to asymptotically analyze the performance of
FSO communication systems and, hence, we can study how basic parameters impact
on the FSO systems and optimize some of them such as beam width for potential FSO
applications.
Quite interesting conclusions have been drawn from the asymptotic behavior in different
FSO topics such as MIMO FSO systems, cooperative FSO systems and space-time codes
in [17,109,137,138], among others.
For convenience, let us consider u = r2 and, hence, it can be demonstrated that the squared
radial displacement r2 follows an exponential distribution when r follows a modified Rayleigh
distribution given by
fr2(u) =
1
2σ2mod
exp
(
− u
2σ2mod
)
, u ≥ 0. (4.24)
Thus, σmod is used to estimate the diversity order gain when pointing error is the dominant
effect in relation to atmospheric turbulence and delimit the two FSO scenarios previously
commented. By using the method of central moments, we can obtain the expression of σmod
from the third-order central moment. This method is quite simple and yields consistent es-
timators under not very strong assumptions. We observed through numerical observations
that the diversity order gain when pointing error is the dominant effect can accurately be
approximated from the third-order central moment, not deriving a relevant improvement
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for higher-order central moments. The main idea behind this is to balance between the
corresponding third-order central moment of the squared radial displacement (r follows a
Beckmann distribution) and the corresponding third-order central moment of the exponen-
tial distribution given in Eq. (4.24). A central moment can be defined as the expected value
of a specified integer power of the deviation of the RV from the mean, and it is defined as
Ωχn = E[(χ− E[χ])n]. Hence, the corresponding third-order central moment of the squared
radial displacement, where r follows a Beckmann distribution, can easily be expressed from
the corresponding third-order central moment of the distribution of the sum of two squared
normal RVs as
Ωr
2
3 = 8σ
4
x
(
3µ2x + σ
2
x
)
+ 8σ4y
(
3µ2y + σ
2
y
)
, (4.25)
and the third-order central moment of the exponential distribution is derived as
Ωu3 = 16σ
6
mod. (4.26)
Now, matching Eq. (4.25) and Eq. (4.26), we can derive the corresponding expression of
σ2mod as follows
σ2mod =
(
3µ2xσ
4
x + 3µ
2
yσ
4
y + σ
6
x + σ
6
y
2
)1/3
. (4.27)
As can be observed in Eq. (4.27), this expression reduces to the simplest case, i.e., the
Rayleigh distribution, when same jitters and zero boresight errors are considered. Finally,
the Beckmann distribution can accurately be approximated by a modified Rayleigh distri-
bution as follows
fr(r) ≈ r
σ2mod
exp
(
− r
2
2σ2mod
)
, r ≥ 0. (4.28)
Similar to [53], combining Eq. (2.28) and Eq. (4.28), the PDF of Ip is approximated by
fIp(i) ≈
ϕ2mod
(A0G)
ϕ2mod
iϕ
2
mod−1, 0 ≤ i ≤ A0G (4.29)
where ϕmod = ωzeq/2σmod. We have derived an approximation of the PDF of Ip whose
radial displacement r follows a Beckmann distribution of four parameters: µx, µy, σx and
σy, by a PDF whose radial displacement r follows a modified Rayleigh distribution of one
parameter: σmod. As can be deduced from Eq. (4.24), only one degree of freedom can be
used to estimate the PDF of Ip. This degree of freedom has been used to balance the third-
order central moment which have a strong impact on the obtained diversity order gain when
pointing error is the dominant effect in relation to atmospheric turbulence. At the same
time, to balance the mismatch between expectations, a new parameter G is added to the
PDF in Eq. (4.29) to get a better fit.
Next, G is derived as follows. Taking as reference the method published in [139] for ap-
proximating the log-normal variates sum by Schwartz and Yeh, which is quite accurate for
estimating the CDF for small values of its argument, we match the moment in the log-
domain, i.e., we equate the first moment or expectation of ln(Ip) when r is determined by
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a Beckmann distribution with ln(Ip) when r is determined by a modified Rayleigh distribu-
tion. Knowing that Ip is approximated as in Eq. (2.28), the logarithm of Ip can be expressed
as ln(Ip) = ln(A0)− 2r2/ω2zeq . Hence, the expectation of ln(Ip) is given by
E[ln(Ip)] = ln(A0)− (2/ω2zeq)E[r2]. (4.30)
In this way, the expectation of ln(Ip) is easily obtained from the MGF of the squared
Beckmann distribution r2. Hence, making use of that MGF, we can compute the expectation
of ln(Ip) when r is determined by a Beckmann distribution as follows
E[ln(Ip)] = ln(A0)−
2(µ2x + µ
2
y + σ
2
x + σ
2
y)
ω2zeq
= ln(A0)−
µ2x + µ
2
y + σ
2
x + σ
2
y
2σxσyϕxϕy
. (4.31)
It must be noted that the above expression also represents the impact of generalized pointing
errors on the asymptotic ergodic capacity of SISO FSO systems. From the above expression,
we can obtain the corresponding impact of pointing errors on ergodic capacity for the rest
pointing error models as derived in Appendix A.10. When r is determined by a modified
Rayleigh distribution, the expectation of ln(Ip) is easily obtained as
E[ln(Ip)] = ln(A0) + ln(G)− 1/ϕ2mod. (4.32)
Now, matching Eq. (4.31) and Eq. (4.32), we derive the corresponding expression of G as
G = exp
(
1
ϕ2mod
− 1
2ϕ2x
− 1
2ϕ2y
− µ
2
x
2σ2xϕ
2
x
− µ
2
y
2σ2yϕ
2
y
)
. (4.33)
Note that a new parameter Amod is defined as Amod = A0G.
Combined Effect of GG Fading and Generalized Pointing Errors
The PDF in Eq. (2.34) which computes the combined effect of GG atmospheric turbulence
and misalignment fading modeled by a Rayleigh distribution can be used to compute the
combined effect of GG atmospheric turbulence and generalized pointing errors in this study.
We only have to substitute the corresponding parameters A0 and ϕ
2 by the corresponding
parameters derived in this subsection Amod and ϕ
2
mod as
fI(i) ≈ αβϕ
2
modi
−1
AmodLΓ(α)Γ(β)
G3,01,3
(
αβ
AmodL
i
∣∣∣∣∣ ϕ2mod + 1ϕ2mod, α, β
)
, i ≥ 0. (4.34)
The corresponding CDF was also derived in Eq. (2.36). Hence, this CDF can also be used to
compute the combined effect of GG atmospheric turbulence and generalized pointing errors
by repeating the same operation as in Eq. (4.34) as follows
FI(i) ≈ ϕ
2
mod
Γ(α)Γ(β)
G3,12,4
(
αβ
AmodL
i
∣∣∣∣∣ 1, ϕ2mod + 1ϕ2mod, α, β, 0
)
. i ≥ 0. (4.35)
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As commented before, the PDF in Eq. (4.34) is approximated by its corresponding asymp-
totic behavior as follows
fI(i) ≈ aMibM−1 =

ϕ2mod(αβ)
βΓ(α−β)
(AmodL)
βΓ(α)Γ(β)(ϕ2mod−β)
iβ−1, ϕ2mod > β
ϕ2mod(αβ)
ϕ2modΓ(α−ϕ2mod)Γ(β−ϕ2mod)
(AmodL)
ϕ2
modΓ(α)Γ(β)
iϕ
2
mod−1. ϕ2mod < β
(4.36)
Note that different expressions for aM and bM were derived in Eq. (4.36) depending on the
relation between ϕ2mod and β since plane wave propagation is assumed. Let us recall the
parameters a and b as aM and bM in order to differentiate from the parameters obtained in
Eq. (2.38).
4.5.2 Performance Analysis
According to Eq. (2.48), the outage probability can be written as
Pout = P (4γi
2 ≤ γth)
=
∫ √γth/4γ
0
fI(i)di = FI
(√
γth
4γ
)
=
ϕ2mod
Γ(α)Γ(β)
G3,12,4
(
αβ
AmodL
√
γth
4γ
∣∣∣∣∣ 1, ϕ2mod + 1ϕ2mod, α, β, 0
)
.
(4.37)
At the same time, the asymptotic BER was also obtained in Eq. (2.44), and it is given by
Pb
.
=
[(
aMΓ((bM + 1)/2)
2bM
√
pi
)− 2
bM · γ
]− bM
2
. (4.38)
4.5.3 Numerical Results and Discussion
In this section, the proposed approximation for modeling the effect of generalized pointing
errors on FSO links is evaluated over GG atmospheric turbulence channels, different mis-
alignment error values, and different weather conditions as shown in Table 4.2. A value of
wavelength of λ = 1550 nm is assumed together with a S-D link distance of dSD = 3 km.
Here, α and β are calculated from Eq. (2.20) for GG atmospheric turbulence. Pointing errors
are present assuming normalized beam width values of ωz/a = {7, 10} as well as different
normalized jitter values and nonzero boresight errors.
BER and Outage Performance
Firstly, the corresponding results of the outage performance are illustrated in Fig. 4.6(a)
for moderate turbulence and Fig. 4.6(b) for strong turbulence as a function of the inverse
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(a) Moderate turbulence.
20 30 40 50 60 70 80 90 100 110 120 130 14010
−10
10−9
10−8
10−7
10−6
10−5
10−4
10−3
10−2
10−1
100
Normalized electrical SNR, γ/γth (dB)
Av
er
ag
e
ou
ta
ge
pr
ob
ab
ili
ty
Eq. (4.37) Monte Carlo
ωz/a = 7
(µx/a, µy/a) = (3, 1)
(σx/a, σy/a) = (1, 0.1) (σx/a, σy/a) = (2, 1)
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(σx/a, σy/a) = (6, 5)
(b) Strong turbulence.
Figure 4.6: Outage performance over GG atmospheric turbulence and generalized misalign-
ment fading channels when different weather conditions (a) C2n = 1.7× 10−14 m−2/3 and (b)
C2n = 8× 10−14 m−2/3 are assumed for a S-D link distance of dSD = 3 km.
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(a) Moderate turbulence.
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Eq. (4.38) Monte Carlo
ωz/a = 7
(µx/a, µy/a) = (3, 1)
(σx/a, σy/a) = (1, 0.1) (σx/a, σy/a) = (2, 1)
(σx/a, σy/a) = (3, 2) (σx/a, σy/a) = (4, 2)
(σx/a, σy/a) = (5, 3) (σx/a, σy/a) = (6, 1)
(σx/a, σy/a) = (6, 5)
(b) Strong turbulence.
Figure 4.7: BER performance over GG atmospheric turbulence and generalized misalign-
ment fading channels when different weather conditions (a) C2n = 1.7× 10−14 m−2/3 and (b)
C2n = 8× 10−14 m−2/3 are assumed for a S-D link distance of dSD = 3 km.
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normalized threshold SNR, γ/γth. Analogously, the corresponding results of the asymptotic
BER performance are illustrated in Fig. 4.7(a) for moderate turbulence and Fig. 4.7(b) for
strong turbulence by assuming the same FSO scenario as in Fig. 4.6. Different normalized
jitter values for the elevation and the horizontal displacement as well as different normalized
nonzero boresight errors for each axes are assumed in Figs. 4.6 and 4.7 in order to carefully
analyze how terrestrial FSO links are affected by generalized pointing errors.
Taking into account the proposed approximation in this study, two different FSO scenarios
are analyzed depending on the relation β < ϕ2mod is satisfied or not. In this way, when this
condition is satisfied, different normalized jitter values of (σx/a, σy/a) = {(2, 1), (3, 2), (4, 3)}
together with normalized boresight error values of (µx/a, µy/a) = (1, 2) are considered in
Figs. 4.6(a) and 4.7(a) for moderate turbulence conditions. Based on this, a higher diversity
order, which is determined by β, is achieved when atmospheric turbulence is the dominant
effect. In other words, the diversity order only depends on atmospheric turbulence, while
the coding gain is affected by the degradation effect induced by generalized pointing er-
rors. Analogously, different normalized jitter values of (σx/a, σy/a) = {(1, 0.1), (2, 1), (3, 2)}
together with normalized boresight error values of (µx/a, µy/a) = (3, 1) are considered in
Figs. 4.6(b) and 4.7(b) for strong turbulence conditions. These results are quite similar to
those commented previously so that same conclusions can be drawn.
At the same time, the performance is also evaluated for larger amounts of generalized mis-
alignment, showing that the proposed approximation is in good agreement with extreme FSO
scenarios, i.e., when atmospheric turbulence is not the dominant effect. In other words, when
the condition β < ϕ2mod is not satisfied and, hence, the diversity order is determined by ϕ
2
mod,
which depends on the normalized beam width, normalized jitters and normalized boresight
errors. As expected, the obtained performance in both outage probability and BER is no-
tably decreased as a result of assuming much more severe pointing errors, i.e., normalized
jitter values of (σx/a, σy/a) = {(7, 5), (8, 6), (9, 4), (9, 7)} together with normalized boresight
error values of (µx/a, µy/a) = (1, 2) for moderate turbulence in Figs. 4.6(a) and 4.7(a), and
normalized jitter values of (σx/a, σy/a) = {(4, 2), (5, 3), (6, 1), (6, 5)} together with normal-
ized boresight error values of (µx/a, µy/a) = (3, 1) for strong turbulence in Figs. 4.6(b) and
4.7(b). In order to confirm the accuracy and usefulness of the proposed approximation,
Monte Carlo simulation results are furthermore included by using solid line.
Due to the long simulation time involved, simulation results only up to 10−9 are included in
Figs. 4.6 and 4.7. It is noteworthy to mention that these results provide quite a good match
between the analytical and the respective Monte Carlo simulation results and, hence, not
only a high accuracy of the proposed approximation is verified over the outage probability,
but also over the asymptotic BER performance. Moreover, the accuracy of the proposed
approximation not only is measured visually, but also quantitatively using curve-fitting
metrics defined over a region of interest.
Now, we quantitatively measure the accuracy of the proposed approximation in a specific
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region of interest, in which the accuracy must be emphasized, taking as reference the FSO
scenario illustrated in Fig. 4.6. Let FˆOP (·) denote the approximate outage probability
expression derived in Eq. (4.37) and FOP (·) the exact outage probability expression obtained
by Monte Carlo simulation. Let γ1, . . . , γN also denote N reference points in the region of
interest. The accuracy metric for the outage probability is defined, as in [140, eqn. (25)],
as follows
MOP =
N∑
k=0
ek
| FOP (γk)− FˆOP (γk) |
FOP (γk)
, (4.39)
where ek represents the relative error weight to emphasize different accuracies in tracking
different reference points. Note that the following sum
∑N
k=1 ek = 1 must be satisfied. Let
us assume that the relatives error weights ek are equal to 1/N for all k. At the same
time, the region of interest is defined to be from γ1 = 20 dB to γN = 120 dB, with the
reference points spaced 5 dB apart, i.e., N = 21. Let us define q as the relation between
σy/a and σx/a, where q ∈ (0, 1], i.e., σy/a = qσx/a. In this way, the accuracy metric
MOP is depicted in Fig. 4.8(a) as a function of q, considering the same FSO scenario as
in Fig. 4.6. It can be observed that a much higher achievable accuracy is obtained when
small normalized jitter values are adopted, obtaining values of the order of 10−3. Even
when larger normalized jitter values are assumed, an achievable accuracy of the order of
10−2 is obtained. In addition, the achievable accuracy is even much better as q increases.
Analogously, it is depicted another accuracy metric in Fig. 4.8(b) as a practical example but
considering another S-D link distance of dSD = 5 km in order to demonstrate the reliability
of the proposed approximation in this study.
Impact of Pointing Errors
Next, the impact of different jitters for the elevation and the horizontal displacement
on asymptotic BER performance of FSO systems is studied. Hence, once the condition
β < ϕ2mod is satisfied and taking into account the asymptotic analysis carried out in Sub-
section 4.5.2, we can obtain the loss in decibels between considering and not considering
pointing errors. Knowing that the impact of pointing errors in our analysis can be suppressed
by assuming Amod → 1 and ϕ2mod →∞, and considering the expression given in Eq. (4.38),
the impact of the generalized pointing error effects translates into a loss, Losspe[dB], relative
to GG atmospheric turbulence without generalized misalignment fading given by
Losspe[dB] ,
20
β
log10
(
ϕ2mod
(Amod)
β (ϕ2mod − β)
)
. (4.40)
The above expression is obtained in a similar way to Eq. (4.20) since Mr2
(
b
2σxσyϕxϕy
)
reduces to ϕ2/(ϕ2 − b) when pointing errors are modeled by a Rayleigh distribution. In
this case, generalized pointing errors are modeled by a modified Rayleigh distribution and,
hence, Mr2(·) reduces to ϕ2mod/(ϕ2mod − β) where b = β in GG atmospheric turbulence. For
98 CHAPTER 4. GENERALIZED MISALIGNMENT FADING MODEL
0 0.2 0.4 0.6 0.8 1
10−3
10−2
10−1
100
q
A
cc
ur
ac
y
m
et
ric
M
O
P
(µx/a, µy/a) = (0, 0)
(µx/a, µy/a) = (1, 2)
ωz/a = 10 dSD = 3 km
σx/a = 2 σx/a = 4
σx/a = 7 σx/a = 9
0 0.2 0.4 0.6 0.8 1
10−3
10−2
10−1
100
q
(µx/a, µy/a) = (0, 0)
(µx/a, µy/a) = (3, 1)
ωz/a = 7 dSD = 3 km
σx/a = 2 σx/a = 4
σx/a = 6
(a)
0 0.2 0.4 0.6 0.8 1
10−3
10−2
10−1
100
q
A
cc
ur
ac
y
m
et
ric
M
O
P
(µx/a, µy/a) = (0, 0)
(µx/a, µy/a) = (1, 2)
ωz/a = 10 dSD = 5 km
σx/a = 2 σx/a = 4
σx/a = 7 σx/a = 9
0 0.2 0.4 0.6 0.8 1
10−3
10−2
10−1
100
q
(µx/a, µy/a) = (0, 0)
(µx/a, µy/a) = (3, 1)
ωz/a = 7 dSD = 5 km
σx/a = 2 σx/a = 4
σx/a = 6
(b)
Figure 4.8: Accuracy metric MOP as a function of q for the outage probability when (a) a S-
D link distance of dSD = 3 km is assumed, and when (b) a S-D link distance of dSD = 5 km
is assumed.
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Figure 4.9: Losspe[dB] as a function of q for a S-D link distance of dSD = 3 km and different
normalized boresight error values.
a better understanding of the impact of considering different jitters for the elevation and
the horizontal displacement, Losspe[dB] is depicted in Fig. 4.9 as a function of q when
different normalized boresight error values are assumed. From this figure, it can be deduced
that the losses increase as the normalized jitter σx/a increases. However, this loss keeps
practically constant when normalized jitter values much smaller than the normalized beam
width are adopted. Equivalently, the same results and conclusions can be drawn when q is
defined as σx/a = qσy/a. At the same time, the impact of nonzero boresight error is also
studied in Fig. 4.10 as a function of the normalized horizontal boresight error when different
normalized vertical boresight error values are assumed. As expected, the effect of nonzero
boresight error can dramatically reduce the performance of FSO communication systems,
increasing its effect as normalized jitter values increase. Equivalently, the same results and
conclusions can be drawn when the impact of nonzero boresight is depicted as a function of
the normalized vertical boresight error.
Finally, it should be commented that the adoption of the transmitter with accurate control
of their beam width is especially important in order to maximize the diversity order gain and
minimize both outage and BER under different atmospheric turbulence conditions. There-
fore, a study of the required minimum normalized beam width is also included to guarantee
that the relation β < ϕ2mod is always satisfied. We have to equate the corresponding expres-
sion of ϕ2mod = ω
2
zeq/4σ
2
mod with β in order to know what the minimum normalized beam
width value makes the condition β = ϕ2mod holds. For that, the equivalent beam width ω
2
zeq
can be approximated by a parabola with sufficient accuracy as follows
ω2zeq =
ω2z
√
pierf(v)
2v exp(−v2) ≈ ω
2
z +
3
2
√
2
. (4.41)
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Figure 4.10: Impact of nonzero boresight error as a function of the normalized horizontal
boresight error µx/a for a S-D link distance of dSD = 3 km under different normalized
vertical boresight error values of µy/a = {1, 2, 3}.
The above expression is quite simple and favors mathematical treatment. It can be deduced
that the corresponding expression of ϕ2mod can be approximated by
ϕ2mod =
ω2zeq
4σ2mod
≈ 2
√
2ω2z + 3
8
√
2σ2mod
. (4.42)
Now, we equate the expression in Eq. (4.42) with β and, after doing some easy algebraic ma-
nipulations, we obtain the required minimum normalized beam width to satisfy the relation
β < ϕ2mod as follows
ωzmin/a ≈ 2−3/4
(
21/68β(3µ2xσ
4
x + 3µ
2
yσ
4
y + σ
6
x + σ
6
y)
1/3 − 3
)1/2
. (4.43)
The above expression is plotted in Fig. 4.11 as a function of q when different normalized
boresight error values are assumed. It can be observed in that figure that the minimum
value of the normalized beam width slowly increases as q increases, being the worst case
when q equals 1. It can be concluded that a greater severity of pointing error effects could
be corrected with an increase in beam width in order to satisfy the condition β < ϕ2mod, i.e.,
to achieve a much higher diversity order gain. It is noteworthy to mention that increasing
the beam footprint also reduces the incident power on a fixed-size receiver and, hence, it is
important to not significantly overestimate the necessary receiver beam size.
4.6. IMPACT OF CORRELATED SWAYS ON POINTING ERRORS 101
0 0.2 0.4 0.6 0.8 1
6
9
12
15
18
21
q
M
in
im
um
no
rm
al
iz
ed
be
am
w
id
th
σx/a = 3
σx/a = 4
σx/a = 5
σx/a = 6
Moderate turb.
(µx/a, µy/a) = (0, 0)
(µx/a, µy/a) = (1, 2)
0 0.2 0.4 0.6 0.8 1
6
9
12
15
18
21
q
σx/a = 3
σx/a = 4
σx/a = 5
σx/a = 6
Strong turb.
(µx/a, µy/a) = (0, 0)
(µx/a, µy/a) = (3, 1)
Figure 4.11: Minimum normalized beam width as a function of q for a S-D link distance of
dSD = 3 km and different normalized boresight error values.
4.6 Impact of Correlated Sways on Pointing Errors
The third and last step into the analysis of generalized pointing errors is to add the effect of
correlated sways to the FSO system design. In this section, the impact of correlated sways
on generalized misalignment fading channels is evaluated. Generally, the radial displacement
at the FSO receiver follows a Beckmann distribution as well as in other fields or applica-
tions. Hence, it seems much more reasonable to assume the effect of correlation between
the horizontal displacement and the elevation since both of sways are not necessarily uncor-
related RVs in potential FSO applications. So far, the effect of correlated sways has only
been assumed in satellite optical transmission when the radial displacement is distributed
according to a Rayleigh distribution [141,142].
Now, we characterize for the first time, the outage performance over GG atmospheric tur-
bulence channels under the presence of generalized pointing errors with correlated sways.
In this way, we propose a new statistical model to describe the effect of correlated sways
on pointing errors that is used to analyze the outage performance of FSO links. It must
be noted that there are no reported works that address this challenging research problem.
An approximate closed-form PDF based on the previous results is derived that serves as
an analytical tool to evaluate the performance of any kind of FSO communications system
with a higher degree of sophistication and realism.
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4.6.1 Statistical Background
The main idea behind this is to use the same expressions for the PDF and the CDF in
Section 4.5 but including the effect of correlated sways. Hence, the approximate PDF of
generalized pointing errors obtained in Eq. (4.29) will be modified to include the effect of
correlated sways.
Next, a statistical model to include the effect of correlated sways on misalignment fading
will be established and analyzed in greater detail. As commented before, x and y are not
necessarily uncorrelated RVs in terrestrial FSO applications. Both x and y can be modeled
as correlated Gaussian RVs with different jitters for the horizontal displacement (σx > 0)
and the elevation (σy > 0), and different boresight errors in each axis of the receiver plane
(µx and µy), i.e. x ∼ N(µx, σx) and y ∼ N(µy, σy), and Pearson correlation coefficient
ρ ∈ [−1, 1]. Then, the random vector (x, y) follows a bivariate normal distribution with
mean vector (µx, µy) and covariance matrix(
x
y
)
∼ N
[(
µx
µy
)
,
(
σ2x ρσxσy
ρσxσy σ
2
y
)]
. (4.44)
It must be mentioned that zero correlation implies independence, for bivariate normal dis-
tribution. This is, of course, not so in general. The bivariate normal distribution for two
related, normally distributed variables is defined by the following PDF
fXY (x, y) =
1
2piσxσy
√
1− ρ2
× exp
[
− 1
2(1− ρ2)
[(
x− µx
σx
)2
+
(
y − µy
σy
)2
− 2ρ
(
x− µx
σx
)(
y − µy
σy
)]]
.
(4.45)
The above PDF has a maximum at the mean vector (µx, µy). The contours of equal density
of bivariate normal distribution are ellipses at (µx, µy). The major axes of these ellipses
have a positive slope when ρ is positive, and a negative slope when ρ is negative. If ρ = 0,
these contours are circles.
Knowing that x and y can be written in polar coordinates as x = r cosφ and y = r sinφ,
where r is the non-negative RV that represents the radial displacement, and φ is an angle in
the interval (−pi2 , pi2 ). In order to include the effect of correlated sways in this analysis, we
define two new RVs: x′ and y′. Both RVs are statistically independent whose statistics, i.e.
mean and variance, will be expressed as a function of the correlation coefficient ρ between x
and y. In this way, let us also define these new RVs in polar coordinates as x = r cosφ′ and
y = r sinφ′, where φ0 = φ− φ′. It must be noted that the relation x2 + y2 = x′2 + y′2 = r2
always holds, as in [34]. Now, we obtain the value of φ0 that makes the covariance between
x′ and y′ equals zero since both of them are statistically independent. Note that x = x′ and
y = y′ when φ = φ′. Hence, we can write the covariance between x′ and y′ as
Cov[x′, y′] = Cov [r cos(φ− φ0), r sin(φ− φ0)] . (4.46)
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Table 4.3: Expressions for pointing error parameters with correlated sways.
Parameter Symbol Expression
Horizontal mean µ′x µx cosφ0 + µy sinφ0
Vertical mean µ′y µy cosφ0 − µx sinφ0
Horizontal variance σ′2x σ2x cos2 φ0 + σ2y sin2 φ0 + 2ρσxσy sinφ0 cosφ0
Vertical variance σ′2y σ2y cos2 φ0 + σ2x sin2 φ0 − 2ρσxσy sinφ0 cosφ0
Taking into account the properties of the covariance under linear transformations whose
intermediate steps have been omitted in this thesis, we can rewrite the above covariance as
follows
Cov[x′, y′] = 2ρσxσy cos2 φ0 + (σ2y − σ2x) sinφ0 cosφ0 − ρσxσy. (4.47)
Next, we have to find the values of φ0 that make the covariance equals zero. Then, if
Cov[x′, y′] = 0, we obtain
2 sinφ0 cosφ0
2 cosφ20 − 1
=
2ρσxσy
σ2x − σ2y
. (4.48)
Now, we can rewrite the above expression with the help of [62, eqn. (1.313.9)] (See Appendix
A.8), obtaining
tan 2φ0 =
2ρσxσy
σ2x − σ2y
. (4.49)
Finally, the values of φ0 that make the covariance equals zero are computed as follows
φ0 =
{
pi
4 , σx = σy
1
2 arctan
(
2ρσxσy
σ2x−σ2y
)
. σx 6= σy (4.50)
At this time, we can derive the corresponding means and variances of x′ and y′ that are
shown as a summary in Table 4.3 (See Appendix C). Similar to Eq. (4.44), we can express
both x′ and y′ in a matrix form as follows(
x′
y′
)
∼ N
[(
µ′x
µ′y
)
,
(
σ′2x 0
0 σ′2y
)]
. (4.51)
Finally, it must be noted that the radial displacement r at the receiver plane is expressed
as r2 = x′2 + y′2 , where x′ and y′ represent the equivalent horizontal displacement and the
equivalent elevation, respectively. Both x′ and y′ are modeled as independent Gaussian RVs
with unequal means and unequal variances.
Linear Correlation Analysis
In the light of expressions obtained in Table 4.3, different conclusions can be drawn from
the transformation of Gaussian RVs performed here in order to add the effect of correlated
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Figure 4.12: Effect of correlation on normalized jitters as a function of the correlation
coefficient ρ for a S-D link distance of dSD = 3 km.
sways to the generalized misalignment fading. It must be noted that both boresight errors
and pointing error deviations corresponding to the horizontal displacement and the elevation
strongly depend on the correlation coefficient. This fact makes a transformation in PDFs
that needs to be commented.
On the one hand, when the radial displacement follows a Rayleigh distribution, i.e.
µx = µy = 0 and σx = σy, the effect of correlated sways turns a Rayleigh distribution into a
Hoyt distribution. The effect of correlation makes different jitters in each axis. At the same
time, when the radial displacement follows a lognormal-Rice distribution, i.e. µx 6= µy 6= 0
and σx = σy, the effect of correlated sways turns a lognormal-Rice distribution into a Beck-
mann distribution, i.e. the most general case, where each of parameters can take different
values.
On the other hand, this phenomenon does not occur in the rest of distributions such as
Hoyt and Beckmann, i.e. σx 6= σy, due to the fact that both of them assume different jitters
and, hence, the effect of correlation keeps making the same PDF. According to Table 4.3,
the corresponding expressions of jitter variances are plotted in Fig. 4.12 in order to see
how these variances are affected by the effect of correlation when both jitter variances start
taking the same value and, when, they start taking different values. The most relevant
thing here is that when one axis increases, the another one does the opposite, increasing the
dispersion between both axes as well as the symmetry with respect to ρ = 0.
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4.6.2 System and Channel Models
As in previous sections, the statistical channel model for a SISO FSO system is given by
Y = IX + Z, Z ∼ N(0, N0/2). (4.52)
As presented in Section 4.5, we take full advantage of this approximation due to its math-
ematical simplicity to include the effect of correlated sways. On the one hand, the corre-
sponding PDF of Ip is approximated as in Eq. (4.29) where the parameters ϕmod and Amod
both include the effect of correlated sways as obtained in this section and summarized in
Table 4.3. In fact, the corresponding expression of σ2mod is redefined as
σ2mod =
(
3µ′2x σ′
4
x + 3µ
′2
y σ
′4
y + σ
′6
x + σ
′6
y
2
)1/3
, (4.53)
where ϕmod = ωzeq/2σmod. Also, the corresponding expression of Amod is redefined as
Amod = A0 exp
(
1
ϕ2mod
− 1
2ϕ′2x
− 1
2ϕ′2y
− µ
′2
x
2σ′2x ϕ′
2
x
− µ
′2
y
2σ′2y ϕ′
2
y
)
. (4.54)
On the other hand, both the PDF and the CDF obtained in Eq. (4.34) and Eq. (4.35),
respectively, can be used here but taking into account the effect of correlated sways, i.e.,
the new expressions of ϕmod and Amod. In this sense, an asymptotic expression for the PDF
was obtained in Eq. (2.38) as follows
fI(i) ≈ aM′ibM′−1
=

ϕ2mod(αβ)
min(α,β)Γ(|α−β|)
(AmodL)
min(α,β)Γ(α)Γ(β)(ϕ2mod−min(α,β))
imin(α,β)−1, ϕ2mod > min(α, β)
ϕ2mod(αβ)
ϕ2modΓ(α−ϕ2mod)Γ(β−ϕ2mod)
(AmodL)
ϕ2
modΓ(α)Γ(β)
iϕ
2
mod−1. ϕ2mod < min(α, β)
(4.55)
4.6.3 Performance Analysis
According to Eq. (2.48), the outage probability can be written as
Pout = P (4γi
2 ≤ γth) =
∫ √γth/4γ
0
fI(i)di = FI
(√
γth
4γ
)
=
ϕ2mod
Γ(α)Γ(β)
G3,12,4
(
αβ
AmodL
√
γth
4γ
∣∣∣∣∣ 1, ϕ2mod + 1ϕ2mod, α, β, 0
)
.
(4.56)
Unlike Eq. (4.37), the parameters Amod and ϕ
2
mod both include the effect of correlated sways.
To provide more insight into this analysis, we can obtain the corresponding asymptotic
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Table 4.4: FSO communication system settings.
Parameter Symbol Value
S-D link distance dSD 3 km
Wavelength λ 1550 nm
Receiver aperture diameter D = 2a 10 cm
Transmit divergence θz 1 mrad
Normalized beam width ωz/a ' 60
Maximum jitter angle (θsx,θsy) 0.4 mrad
Maximum normalized jitter (σx/a,σy/a) ' 24
Maximum boresight angle (θbx,θby) 0.3 mrad
Maximum normalized boresight error (µx/a,µy/a) ' 18
behavior of Eq. (4.56). Note that an asymptotic expression for the outage probability was
derived in Eq. (2.49) as
Pout
.
=
( a′M
b′M(2L)
b′M
)− 2
b′
M · γ
γth
−
b′M
2
, (4.57)
The above expression serves to analyze the impact of correlated sways on coding gain and
outage diversity. Finally, the outage diversity is obtained as
Od = b
′
M/2 = min
(
α, β, ϕ2mod
)
/2, (4.58)
where the effect of correlated sways appears to be implicitly in the ϕ2mod parameter.
4.6.4 Numerical Results and Discussion
In this section, the effect of correlated sways is evaluated over GG atmospheric turbulence
channels with generalized pointing errors. The system configuration adopted in this study
is shown in Table E.3, and weather conditions in Table 4.2.
Outage Diversity Analysis
For a better understanding of the impact of correlated sways on outage performance of FSO
links, the outage diversity is depicted in Fig. 4.13 as a function of the linear correlation
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coefficient ρ for different normalized jitter values as well as different normalized boresight
error values. Pointing error values are obtained according to Table E.3. A normalized beam
width value of ωz/a = 60 is derived according to the S-D link distance considered in this
analysis. In the light of Eq. (4.58), we can know what issue, i.e., atmospheric turbulence or
pointing errors, the dominant effect is. From Fig. 4.13, it can be observed that the outage
diversity is strongly dependent on the correlation coefficient. As expected, when atmospheric
turbulence is the dominant effect, i.e. when normalized jitter values of σx/a = σy/a = 6 are
considered, the outage diversity keeps at a constant level due to the fact that atmospheric
turbulence does not depend on the correlation coefficient. On the contrary, when pointing
error is the dominant effect, i.e. when normalized jitter values of σx/a = σy/a = {15, 18, 21}
are considered, the outage diversity strongly depends on the correlation coefficient. In other
words, the relation ϕ2mod > min(α, β) does not hold when larger amounts of misalignment
are assumed such as σx/a = σy/a = {15, 18, 21}.
Note that the pointing error values used in Fig. 4.13, i.e. pointing error values that are used
as described in the legend to Fig. 4.13, are the input parameters in the FSO system together
with other ones such as FSO link distance, wavelength, among others. As previously com-
mented, the effect of correlated sways turns an initial PDF into another one. This fact,
for instance, can be observed in Fig. 4.13 where normalized jitter values for the horizontal
displacement and the elevation start taking the same value but the effect of correlation
makes different jitters in each axis as corroborated in Fig. 4.12. This phenomenon is more
pronounced under high correlation conditions. More specifically, we can see in Fig. 4.13(a)
how the effect of correlated sways turns a Raleigh distribution into a Hoyt distribution and,
hence, the outage diversity decreases as the correlation coefficient increases since the dis-
persion between both sigma values increase. At the same time, we can also see a similar
behavior in Figs. 4.13(b) and 4.13(c) where a lognornal-Rice distribution turns into a Beck-
mann distribution but taking into account the effect of boresight errors. In this case, the
outage diversity degrades more rapidly with larger amounts of misalignment.
More importantly, generalized pointing errors with correlated sways can make a change
in the dominant effect, mainly under strong turbulence conditions. For instance, it can
be observed in Fig. 4.13(b) under strong turbulence that the outage diversity is flat for
normalized jitter values of σx/a = σy/a = 6, which means that this one is determined by
atmospheric turbulence. But, the outage diversity is also flat up to a correlation coefficient
value of ρ ≈ 0.75 for normalized jitter values of σx/a = σy/a = 15, which means that the
outage diversity is determined by atmospheric turbulence up to that value. The outage
diversity starts to be determined by pointing errors for correlation coefficient values greater
than ≈ 0.75. This is a clear example of how the effect of correlated sways can make a
change in the dominant effect. The same conclusions can also be drawn from Figs. 4.13(a)
and 4.13(c). This phenomenon happens much more frequently under strong turbulence than
moderate turbulence due to the fact that the atmospheric turbulence parameters such as α
and β take smaller values.
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Figure 4.13: Outage diversity Od as a function of the correlation coefficient ρ for a S-D link
distance of dSD = 3 km and different normalized boresight error values when a normalized
beam width value of ωz/a = 60 is assumed.
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Outage Performance Analysis
The corresponding results of this outage performance analysis are illustrated in Fig. 4.14(a)
for moderate turbulence and Fig. 4.14(b) for strong turbulence as a function of the inverse
normalized threshold SNR, γ/γth. Monte Carlo simulation results are further included by
using solid line. Due to the long simulation time involved, simulation results only up to 10−8
are included in Fig. 4.14. It is noteworthy to mention that the results obtained by using the
proposed approximate expression provide quite a good match between the analytical and
the respective Monte Carlo simulation results.
With the goal of analyzing the effect of correlated sways on outage performance, differ-
ent correlation coefficient values are considered in Fig. 4.14 such as ρ = {0, 0.2, 0.65} and
ρ = {0, 0.2, 0.5} for moderate and strong turbulence conditions, respectively. Additionally,
the uncorrelated case, i.e. uncorrelated sways, is also included in Fig. 4.14 as a reference.
As in Fig. 4.13, the pointing error values used in Fig. 4.14, i.e. pointing error values that
are used as described in the legend to Fig. 4.14, are the input parameters in the FSO sys-
tem. In this way, simulation and analytical results that are illustrated by using red color
and different marks represent the uncorrelated cases when the radial displacement is dis-
tributed according to the Rayleigh, lognornal-Rice and Beckmann distributions. At the
same time, two different correlated cases are depicted. On the one hand, when the radial
displacement follows a lognormal-Rice distribution, the effect of correlated sways makes this
PDF turns into a Beckmann distribution, which is illustrated by using blue color. On the
other hand, when the radial displacement follows a Beckmann distribution, the effect of
correlated sways keeps making the same distribution but the statistical parameters take
different values, which is illustrated by using green color. As expected, the obtained outage
performance is strongly dependent on the effect of correlated sways. It should be mentioned
that the effect of correlation has an impact not only on the outage diversity when pointing
error is the dominant effect, as shown in the previous figure, but also on the coding gain
when atmospheric turbulence is the dominant effect.
Impact of Correlation on Coding Gain
Taking into account the coding gain Oc in Eq. (4.57), the impact of correlated sways trans-
lates into a loss, Loss[dB], relative to GG atmospheric turbulence without considering
correlated sways given by
Loss[dB] , Oρ6=0c [dB]−Oρ=0c [dB]. (4.59)
The above expression computes the additional power needed to obtain a given outage per-
formance when there is correlation versus no correlation. The above expression is plotted in
Fig. 4.15 as a function of the correlation coefficient for a S-D link distance of dSD = 3 km
and a normalized beam width value of ωz/a = 60 under the condition that atmospheric tur-
bulence is the dominant effect, i.e., the outage diversity is only determined by atmospheric
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Figure 4.14: Outage performance over GG atmospheric turbulence and generalized mis-
alignment fading channels with correlated sways, when different weather conditions (a)
C2n = 2× 10−14 m−2/3 and (b) C2n = 8× 10−14 m−2/3 are assumed for a S-D link distance
of dSD = 3 km and different correlation values.
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Figure 4.15: Loss[dB] as a function of the correlation coefficient for a S-D link distance of
dSD = 3 km and different jitter variances and normalized boresight error values.
turbulence. It can be observed that the losses slightly increase as the correlation coefficient
does regardless of the severity of atmospheric turbulence. Nevertheless, the impact of cor-
relation on coding gain is more remarkable for moderate turbulence than strong turbulence.
A expected, a greater loss is obtained when nonzero boresight errors are considered.
4.7 Summary
The impact of generalized pointing errors on the performance of FSO communication sys-
tems has been analyzed over atmospheric turbulence channels, presenting new results for
the optics community. The analysis of generalized pointing errors has been divided into
three case studies.
The first case study is when atmospheric turbulence is the dominant effect and, hence,
pointing errors only presents an impact on the coding gain since the diversity order is fully
dependent on atmospheric turbulence. In this way, the key contributions of this study are
summarized as follows
• An asymptotic closed-form expression is obtained for the outage probability over EW
atmospheric turbulence with generalized pointing errors, considering the effect of aper-
ture averaging. This expression is derived by using an MGF-based approach due to
the difficulty of mathematically treating the Beckmann distribution.
• These results are valid only when atmospheric turbulence is the dominant effect in
relation to pointing errors.
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• The developed expression is used to find the optimum beam width value that minimizes
the impact of pointing errors on the coding gain over EW atmospheric turbulence
channels.
• The asymptotic expression is validated through Monte Carlo simulation results.
In the second case study, a deep analysis of the performance of FSO links over GG at-
mospheric turbulence channels with generalized pointing errors was carried out. In this
analysis, the effect of pointing error as dominant effect is analyzed in detail. In this way,
the key contributions of this study are summarized as follows
• An efficient and accurate approximation of the Beckmann distribution is presented
which is used to model generalized pointing errors with high precision.
• An approximate closed-form PDF for the composite GG atmospheric turbulence with
pointing errors is derived by using the proposed approximation of the Beckmann dis-
tribution which is valid not only for typical values in terrestrial FSO links, but also
for more extreme FSO scenarios.
• The performance of FSO communication links is analyzed in terms of BER and outage
probability.
• These results are valid not only when atmospheric turbulence is the dominant effect
in relation to pointing errors, but also when pointing error is the dominant effect in
relation to atmospheric turbulence.
• The accuracy of the approximation is measured both visually and quantitatively using
curve-fitting metrics.
• The obtained expression is used to find the optimum beam width value that minimize
the effect of pointing errors. This expression is valid for any atmospheric turbulence
channels as long as this one can be expanded into Maclaurin series.
• The results are validated through Monte Carlo simulation results.
From this analysis, we can conclude that a much higher diversity order is achieved when
atmospheric turbulence is the dominant effect in relation to generalized pointing errors whose
diversity gain is determined by min(α, β) in GG atmospheric turbulence. In addition, the
beam width can be optimized in order to improve the performance of FSO links in presence
of both atmospheric turbulence and generalized pointing errors. It can also be concluded
that the optimum beam width is a feasible method for reducing pointing error losses in
terrestrial FSO links.
Finally, the effect of correlated sways is analyzed in the third case study. This analysis is
performed by taking full advantage of the proposed approximation in the second case study.
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The effect of correlated sways on FSO link design was never taken into account, i.e., both
the horizontal displacement and the elevation have always been modeled as uncorrelated
RVs. In this way, the key contributions of this study are summarized as follows
• A new statistical model to describe the effect of correlated sways on pointing errors is
proposed to analyze the outage performance of FSO links.
• An approximate closed-form PDF for the composite GG atmospheric turbulence with
generalized pointing errors is derived that serves as an analytical tool to evaluate
the performance of any kind of FSO communications system with a higher degree of
sophistication and realism.
• The obtained expression is validated through Monte Carlo simulation results.
From this study, we can conclude that the impact of correlated sways on the outage perfor-
mance cannot be ignored in terrestrial FSO applications since the horizontal displacement
and the elevation are not necessarily uncorrelated RVs.

Chapter 5
Conclusions and Future Work
This chapter summarizes the main conclusions of the work developed in this thesis. Besides,
new directions for future research are suggested.
5.1 Conclusions
In this thesis, the performance analysis of advanced FSO communication systems over at-
mospheric turbulence channels with pointing errors has been addressed. The conclusions
drawn from this thesis can be divided into two major areas: ergodic capacity analysis and
modeling of generalized pointing errors. The motivation behind this is that the study of
ergodic capacity has been carried out to know what the limits are in terms of the capacity
of advanced FSO communication systems such as MISO, SIMO and MIMO communication
FSO systems. At the same time, the ergodic capacity of a three-way communications setup
has also been studied as an interesting solution to FSO systems based on spatial diversity.
Finally, a generalized pointing error model has been proposed as a fairly useful and handy
tool to include pointing errors in the analysis of any kind of FSO communication systems.
In general, the performance of FSO systems has been evaluated over GG atmospheric tur-
bulence channels and, furthermore, IM/DD and OOK modulation have been considered in
each of FSO links involved in each FSO system.
A comprehensive ergodic capacity analysis was performed in Chapter 3 over GG atmospheric
turbulence channels with zero boresight pointing errors in the case of MISO FSO systems
and DF strategies, and with nonzero boresight pointing errors in the case of SIMO and
MIMO FSO systems. Thus, novel approximate closed-form expressions for the ergodic
capacity were obtained as well as their asymptotic behavior at high SNR. Obtained closed-
form expressions for the ergodic capacity were expressed in terms of the Meiger’s G-function
and H-Fox function to estimate the ergodic capacity from low to high SNR.
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On the one hand, it was concluded that finding an exact closed-form expression for the
ergodic capacity of MIMO FSO systems over atmospheric turbulence channels (GG, LN
and EW models) with nonzero boresight pointing errors is not possible and, hence, an
asymptotic analysis had to be carried out in this regard. Here, it was also concluded that
MISO FSO systems presents a better performance than SIMO and MIMO FSO systems in
terms of the ergodic capacity due to the fact that only one laser can be aligned with only
one receiver aperture, and the rest ones present a nonzero boresight error that must be
taken into consideration. In addition to this, a new methodology was proposed to generate
optimum receiver configurations and, hence, to minimize the effect of nonzero boresight.
Unlike RF systems, it is more convenient to deploy MISO systems than SIMO and MIMO
systems in FSO technology due to the effect of nonzero boresight. Moreover, the effect
of aperture averaging was considered by using the EW model, demonstrating that we can
mitigate the effect of atmospheric turbulence even in strong turbulence regime when smaller
aperture diameters are used.
On the other hand, it was demonstrated that cooperative strategies based on DF relaying
can improve the performance in terms of the capacity and even achieve a greater capacity
than MISO FSO systems for some relay locations. As expected, relay placement is also
really important to maximize the ergodic capacity in cooperative FSO systems.
Accurate channel modeling for FSO communication systems is one of the key challenge
in system design. In this thesis, a generalized statistical pointing error model has been
developed in Chapter 4 that is based on the pointing error model proposed in [53]. This
generalized pointing error model considers not only the beam width and detector size, but
also the effect of different jitters for the elevation and the horizontal displacement, the effect
of nonzero boresight errors and the effect of correlated sways. This generalized statistical
model enables the system designer to use more degrees of freedom to optimally design FSO
systems. The developed model is used to study the BER and outage performance and
provide fundamental limits on the system performance.
In the light of results derived from Chapter 4, we provide some tool to add the effect of
generalized pointing errors to the FSO system and study the two different FSO scenarios,
i.e., when atmospheric turbulence is the dominant effect and when pointing error is the
dominant effect. Both FSO scenarios had not been considered in the literature due to the
difficulty of studying it. Hence, this research problem has been a great challenge during the
development of this thesis.
Finally, the effect of correlation turns a PDF into another one. In other words, the effect of
correlation makes that the statistical distribution corresponding to the radial displacement
at the receiver turns to another one when the correlation coefficient takes nonzero values.
This phenomenon is really interesting since two pointing error models might be assumed
taking into account the effect of correlated sways such as Rayleigh (zero boresight case) and
lognormal-Rice (nonzero boresight case) distributions. The correlation makes that both
5.2. FUTURE WORK 117
statistical distributions turn to other ones more real when the correlation coefficient does
not equal zero, obtaining a Hoyt distribution and a Beckmann distribution, respectively.
5.2 Future Work
In this thesis, some challenging problems have been addressed as suggested in Chapter 1.
Hence, some research issues may be developed in the context of OWC systems as future
work from the relevant results obtained here. The following future directions are proposed:
• Imperfect CSI and synchronization errors.
• Distributed space-time coding (DSTC).
• Performance analysis of MIMO FSO systems under generalized pointing errors.
• Experimental work and practical measurements.
• VLC and UOC systems.
The study of ergodic capacity of cooperative FSO systems was addressed by assuming perfect
CSI at the transmitter side to make the selection. Then, the best possible performance was
obtained from a CSI point of view. An interesting research topic is to assume imperfect
CSI or outdated CSI in order to study how performance is deteriorated as a result of using
an imperfect CSI to make the selection in cooperative FSO systems. At the same time, the
effect of small synchronization errors at the receiver can lead to performance deterioration.
Another research topic that may be interesting is to employ DSTC in cooperative FSO
systems in order to increase the average channel capacity. Taking into account advances in
non-cooperative FSO systems by employing space-time block coding (STBC) and space-time
trellis code (STTC) in FSO systems [138, 143], hopefully they may serve as an important
tool to mitigate the combined effect of atmospheric turbulence and pointing errors in optical
wireless relay networks. This kind of codes allows to obtain a much higher diversity order
compared to repetition coding (RC) at the expense of a greater complexity. In this way, the
study of performance of this kind of system in terms of the BER, outage probability and
ergodic capacity would be of real interest for the optics community.
The performance analysis of MIMO FSO systems under the presence of generalized pointing
errors continues being an open problem in the literature due to the difficulty of analyzing
from a mathematical point of view. In this way, the approximation presented in Chapter 4
allows to efficiently study such research problem and evaluate the performance in terms of
BER, outage probability and ergodic capacity. In addition, the effect of correlation among
sways of different receiver apertures is another open problem since laser sources and/or
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receiver apertures are located in the same physical plane and, hence, there is a correlation
among jitters.
Finally, a very important step forward in FSO communications system design is to verify the
theoretical results with experimental work and practical measurements. Besides the above
future directions, there are other ones due to the wide range of OWC systems such as VLC
and UOC systems, which are expected to grow further in the coming years.
Appendix A
Special Functions
A.1 Gamma Function
The gamma function is considered as an extension of the factorial function. If n is a positive
integer
Γ(n) = (n− 1)!. (A.1.1)
The gamma function is defined for all complex numbers except the non-positive integers. In
this case, Γ(z) is defined through the integral representation as in [62, eqn. (8.310)]
Γ(z) =
∫ ∞
0
xz−1 exp(−x)dx. (A.1.2)
Note that Γ(z) satisfies the relation Γ(1) = 1. An interesting property is given by
zΓ(z) = Γ(z + 1) [58, eqn. (06.05.17.0002.01)].
A.2 Macdonald Function
The modified Bessel function of the second kind Kν(z) is also called the Macdonald function,
and its integral representation is given by [62, eqn. (8.432.6)]
Kν(z) =
1
2
(z
2
)ν ∫ ∞
0
exp(−t− z2/4t)
tν+1
dt. (A.2.1)
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A.3 Meijer’s G-Function
A general definition of the Meijer’s G-function Gm,np,q (·) is given by the following line integral
in the complex plane as in [62, eqn. (9.301)]
Gm,np,q
(
z
∣∣∣∣∣ (ap)(bq)
)
=
1
2pii
∫
L
∏m
j=1 Γ(bj − s)
∏n
j=1 Γ(1− aj + s)∏q
j=m+1 Γ(1− bj + s)
∏p
j=n+1 Γ(aj − s)
zsds, (A.3.1)
where (ap) = a1, . . . , ap, (bq) = b1, . . . , bq, and L denotes the path to be followed in the
integration. For integers m, n, p, q such that 0 ≤ m ≤ q, 0 ≤ n ≤ p, and the poles of Γ(bj−s)
must not coincide with the poles of Γ(1 − ak + s) for any j and k where j = 1, . . . ,m and
k = 1, . . . , n. Moreover, the Meijer’s G-function is a standard built-in function in most of the
well-known mathematical software packages such as MapleTMand Wolfram MathematicaTM.
The Meijer’s G-function includes most of the special functions used in mathematics as
particular cases.
A.3.1 Relation to Other Functions
The function Kν(·) can be expressed in terms of the Meijer’s G-function [62, eqn. (9.34.3)]
as follows
Kν(z) =
1
2
G2,00,2
(
z
∣∣∣∣∣ −ν
2 ,−ν2
)
. (A.3.2)
The natural logarithm ln(·) can be expressed in terms of the Meijer’s G-function [59, eqn.
(8.4.6.5)] as follows
ln(1 + z) = G1,22,2
(
z
∣∣∣∣∣ 1, 01, 1
)
. (A.3.3)
The exponential function exp(·) can be expressed in terms of the Meijer’s G-function [59, eqn.
(8.4.3.1)] as follows
exp(x) = G1,00,1
(
−x
∣∣∣∣∣ −0
)
. (A.3.4)
A.3.2 Definite Integrals
1. The following integral can be found in [58, eqn. (07.34.21.0085.01)]:∫ ∞
0
tα−1(t− a)β−1Gm,np,q
(
ωtl/k
∣∣∣∣∣ a1, . . . , apb1, . . . , bq
)
dt =
kµl−βΓ(β)
(2pi)c∗(k−1)a1−α−β
Gkm+l,knkp+l,kq+l
×
(
ωkal
kk(q−p)
∣∣∣∣∣ a1k , . . . , a1+k−1k , . . . , apk , . . . , ap+k−1k , 1−αl , . . . , l−αl1−α−β
l , . . . ,
l−α−β
l ,
b1
k , . . . ,
b1+k−1
k , . . . ,
bq
k , . . . ,
bq+k−1
k
)
,
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where k, l ∈ N+, gcd(k, l) = 1, c∗ = m+ n− p+q2 , and
µ =
∑q
j=1 bj −
∑p
j=1 aj +
p−q
2 + 1.
2. The following integral can be found in [59, eqn. (1.16.2.1)]:
∫ x
0
xα−1Gm,np,q
(
cx
∣∣∣∣∣ a1, . . . , apb1, . . . , bq
)
dx = xαGm,n+1p+1,q+1
(
cx
∣∣∣∣∣ 1− α, a1, . . . , apb1, . . . , bq,−α
)
.
3. The following integral can be found in [58, eqn. (07.34.21.0012.01)] when r ∈ R+:
∫ ∞
0
τα−1Gs,tu,v
(
στ
∣∣∣∣∣ c1, . . . , cud1, . . . , dv
)
Gm,np,q
(
ωτ r
∣∣∣∣∣ a1, . . . , apb1, . . . , bq
)
dτ = σ−αHm+t,n+sp+v,q+u
×
(
ω
σr
∣∣∣∣∣ (a1, 1), . . . , (an, 1), (1− α− d1, r), . . . , (1− α− dv, r), (an+1, 1), . . . , (ap, 1)(b1, 1), . . . , (bm, 1), (1− α− c1, r), . . . , (1− α− cu, r), (bm+1, 1), . . . , (bq, 1)
)
.
4. The following integral can be found in [59, eqn. (2.24.1.2)]:
∫ ∞
0
Gs,tu,v
(
σx
∣∣∣∣∣ c1, . . . , cud1, . . . , dv
)
Gm,np,q
(
ωx
∣∣∣∣∣ a1, . . . , apb1, . . . , bq
)
dx
= σ−1Gm+t,n+sp+v,q+u
(
ω
σ
∣∣∣∣∣ a1, . . . , an,−d1, . . . ,−dv, an+1, . . . , apb1, . . . , bm,−c1, . . . ,−cu, bm+1, . . . , bq
)
.
5. The following integral can be found in [58, eqn. (07.34.21.0009.01)]:
∫ ∞
0
tαGm,np,q
(
tz
∣∣∣∣∣ a1, . . . , apb1, . . . , bq
)
dt =
∏m
k=1 Γ(α+ bk)
∏n
k=1 Γ(1− α− ak)∏p
k=n+1 Γ(α+ ak)
∏q
k=m+1 Γ(1− α− bk)
z−α.
All these integrals must satisfy some restrictions that have been omitted here.
A.4 Digamma Function
The psi (digamma) function is defined as in [62, eqn. (8.360.1)]
ψ(x) =
d
dx
ln Γ(x). (A.4.1)
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A.5 H-Fox Function
The H-Fox function Hm,np,q [·] is a generalization of the Meijer’s G-function and is defined via
a Mellin Barnes type integral [100, eqn. (1.1)] as follows
Hm,np,q
(
z
∣∣∣∣∣ (ap, Ap)(bq, Bq)
)
=
1
2pii
∫
L
∏m
j=1 Γ(bj +Bjs)
∏n
j=1 Γ(1− aj −Ajs)∏q
j=m+1 Γ(1− bj −Bjs)
∏p
j=n+1 Γ(aj +Ajs)
zsds,
(A.5.1)
where (ap, Ap) = (a1, A1), . . . , (ap, Ap), (bq, Bq) = (b1, B1), . . . , (bq, Bq), and L denotes the
path to be followed in the integration. The special case for which the H-Fox function
reduces to the Meijer’s G-function is Aj = Bk = C, C > 0 for j = 1, . . . , p and k = 1, . . . , q.
Hm,np,q
(
z
∣∣∣∣∣ (a1, C), . . . , (ap, C)(b1, C), . . . , (bq, C)
)
=
1
C
Gm,np,q
(
z1/C
∣∣∣∣∣ a1, . . . , apb1, . . . , bq
)
. (A.5.2)
A.6 Generalized Bivariate Meijer’s G-Function
The integral from three different Meijer’s G-functions can be expressed in closed-form by
using [58, eqn. (07.34.21.0081.01)]. The results is called generalized bivariate Meijer’s G-
function (GBMGF) that involves the product of three Meijer’s G-functions as follows∫ ∞
0
xα−1Gm,np,q
(
zx
∣∣∣∣∣ a1, . . . , apb1, . . . , bq
)
×Gm1,n1p1,q1
(
tx
∣∣∣∣∣ a11, . . . , a1p1b11, . . . , b1q1
)
Gm2,n2p2,q2
(
yx
∣∣∣∣∣ a21, . . . , a2p1b21, . . . , b2q1
)
dx
= z−αGn,m:m1,n1:n2,m2q,p:p1,q1:p2,q2
×
(
1− α− b1, . . . , 1− α− bq
1− α− a1, . . . , 1− α− ap
∣∣∣∣∣ a11, . . . , a1p1b11, . . . , b1q1
∣∣∣∣∣ a21, . . . , a2p2b21, . . . , b2q2
∣∣∣∣ tz , yz
)
.
(A.6.1)
Note that this relationship only holds true when the parameters satisfy certain specific
restrictions as can be seen in greater detail in [58, eqn. (07.34.21.0081.01)].
A.7 Mellin Transform
The Mellin transform is the operation mapping the function f(x) into the function F (s)
defined on the complex plane by the following relation [62, eqn. (17.41)]
{Mf}(s) = F (s) =
∫ ∞
0
xs−1f(x)dx. (A.7.1)
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Generally speaking, the Mellin transform is an integral transform that may be regarded
as the multiplicative version of the two-sided Laplace transform. This integral transform
is used in number theory, mathematical statistics, among other fields. The inverse Mellin
transform is expressed as follows
{M−1F}(x) = f(x) = 1
2pii
∫ c+i∞
c−i∞
x−sF (s)ds. (A.7.2)
The importance of the Mellin transform in probability theory lies in the fact that if X and Y
are two independent RVs, then the Mellin transform of their product is equal to the product
of the Mellin transforms of X and Y as follows [98]
MXY (s) =MX(s)MY (s), (A.7.3)
whereMX(s) andMY (s) are the corresponding Mellin transforms of X and Y , respectively.
Hence, the PDF of X and Y is obtained via inverse Mellin transform.
A.7.1 Derivation of ILB =
∏M
k=1 Ik in Ergodic Capacity Analysis of MISO
FSO Systems
The Mellin transform of a Meijer’s G-function is obtained by using [58, eqn.
(07.34.21.0009.01)] as∫ ∞
0
xs−1Gm,np,q
(
ηx
∣∣∣∣∣ (ap)(bq)
)
= η−s
∏m
j=1 Γ(bj + s)
∏n
j=1 Γ(1− aj − s)∏q
j=m+1 Γ(1− bj − s)
∏p
j=n+1 Γ(aj + s)
. (A.7.4)
Taking into account that the PDF of GG atmospheric turbulence with zero boresight point-
ing errors fI(i) is expressed in terms of a Meijer’s G-function in Eq. (2.34), its corresponding
Mellin transform is derived from the above result as follows
{MfI(i)}(s)
=
αβϕ2
(A0L)Γ(α)Γ(β)
(
αβ
A0L
)−s Γ(s+ α− 1)Γ(s+ β − 1)Γ (ϕ2 + s− 1)
Γ (s+ ϕ2)
.
(A.7.5)
Hence, the PDF of the product of M GG with zero boresight pointing errors variates is
obtained via inverse Mellin transform as follows
fILB (i) =
1
2pii
∫ c+i∞
c−i∞
i−s
M∏
k=1
αkβkϕ
2
k
(A0kLk)Γ(αk)Γ(βk)
×
(
αkβk
A0kLk
)−s Γ(s+ αk − 1)Γ(s+ βk − 1)Γ (ϕ2k + s− 1)
Γ
(
s+ ϕ2k
) ds. (A.7.6)
Due to the similarity with the Mellin transform of the Meijer’s G-function, the PDF of ILB
can be expressed in terms of the Meijer’s G-function as follows
fILB (i) =
i−1
∏M
k=1 ϕ
2
kG
3M,0
M,3M
(∏M
k=1
αkβk
A0kLk
i
∣∣∣∣∣ ϕ21 + 1, . . . , ϕ2M + 1ϕ21, α1, β1, . . . , ϕ2M , αM , βM
)
∏M
k=1 Γ(αk)Γ(βk)
. (A.7.7)
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A.7.2 Derivation of ILBT = ISDIRD in Ergodic Capacity Analysis of Coop-
erative FSO Systems
The PDF of ILBT is a particular case of Eq. (A.7.7) for two RVs, i.e., ISD and IRD. Hence,
the PDF of ILBT can easily be derived from Eq. (A.7.7) as follows
fILBT
(i)
=
i−1ϕ2SDϕ
2
RDG
6,0
2,6
(
αSDβSDαRDβRD
A0SDLSDA0RDLRD
i
∣∣∣∣∣ ϕ2SD + 1, ϕ2RD + 1ϕ2SD, αSD, βSD, ϕ2RD, αRD, βRD
)
Γ(αSD)Γ(βSD)Γ(αRD)Γ(βRD)
.
(A.7.8)
A.8 Other Relations
The modified Bessel function of the second kind Kν(z) is related to the Bessel function of
the first kind Jν(·) by using [58, eqn. (03.04.27.0001.01)] as follows
Kν(z) =
pi
2
csc(piν) (I−ν(z)− Iν(z)) . (A.8.1)
The Bessel function of the first kind Jν(·) is related to the modified Bessel function of the
first kind Iν(·) by using [58, eqn. (03.02.27.0001.01)] as follows
Iν(z) =
zν
(iz)ν
Jν(iz). (A.8.2)
Another basic relation is given in [62, eqn. (1.313.9)] as follows
tan(x± y) = tanx± tan y
1∓ tanx tan y . (A.8.3)
A.9 Other Definite Integrals
1.
∫∞
0 erfc(x)x
a−1dx = Γ((1+a)/2)
(pi1/2a)
[62, eqn. (6.281)].
2.
∫∞
0 x
µ+ 1
2 ln(x)Jν(ax)dx =
2µ−
1
2 Γ(µ+ν2 +
3
4)
Γ( ν−µ2 +
1
4)a
µ+34
[
ψ
(µ+ν
2 +
3
4
)
+ ψ
(ν−µ
2 +
1
4
)
+ ln
(
a2
4
)]
when a > 0, -Re ν − 32 < Re µ < 0 [62, eqn. (6.771)].
3.
∫∞
0 x
ν−1e−µx ln(x)dx = Γ(ν)µν [ψ(ν)− ln(µ)] when Re µ > 0 and Re ν > 0 [62, eqn.
(4.352.1)].
4.
∫ 1
0 [ln(1− x)]n(1− x)rdx = (−1)n n!(r+1)n+1 when r > −1 [62, eqn. (4.294.10)].
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A.10 Impact of Pointing Errors on Ergodic Capacity
In this section, the solution for the integral in Eq. (2.58) is derived. Furthermore, this
integral can also be interpreted as the expectation of ln(Ip), i.e., E[ln(Ip)]. Substituting
Eq. (3.21) into Eq. (3.33), we obtain
ϕ2 exp
(
− s2
2σ2s
)
Aϕ2
∫ A0
0
ln(x)xϕ
2−1I0
(
s
σs
√
−2ϕ2 ln
(
x
A0
))
dx. (A.10.1)
By using the Maclaurin series expansion of I0(·) [62, eqn. (8.445)], we have
ϕ2 exp
(
− s2
2σ2s
)
Aϕ2
∫ A0
0
ln(x)xϕ
2−1
∞∑
k=0
(−2ϕ2)k
(
s
2σs
)2k
k!Γ(k + 1)
ln(x/A0)
kdx. (A.10.2)
Since each term of the series is non-negative and the infinite series uniformly converges
to I0
(
s
σs
√
−2ϕ2 ln
(
x
A0
))
, we can swap the integral and infinite summation and write
Eq. (A.10.1) as follows
ϕ2 exp
(
− s2
2σ2s
)
Aϕ2
∞∑
k=0
(−2ϕ2)k
(
s
2σs
)2k
k!Γ(k + 1)
∫ A0
0
ln(x)xϕ
2−1 ln(x/A0)kdx
= ϕ2 exp
(
− s
2
2σ2s
) ∞∑
k=0
(−2ϕ2)k
(
s
2σs
)2k
k!Γ(k + 1)
∫ 1
0
ln(xA0)x
ϕ2−1 ln(x)kdx.
(A.10.3)
The integral in Eq. (A.10.3) can be expressed as a sum of two integrals as follows∫ 1
0
ln(xA0)x
ϕ2−1 ln(x)kdx = ln(A0)
∫ 1
0
xϕ
2−1 ln(x)kdx+
∫ 1
0
xϕ
2−1 ln(x)k+1dx. (A.10.4)
Both integrals in Eq. (A.10.4) can be solved with the help of [62, eqn. (4.294.10)] (See
Appendix A.9) and making a change of variable t = x− 1. Then, performing some straight-
forward algebraic manipulations, the expression in Eq. (A.10.3) can be written as
exp
(
− s
2
2σ2s
) ∞∑
k=0
(
s2
2σ2s
)k
k!
(
ln(A0)− 1− k
ϕ2
)
= exp
(
− s
2
2σ2s
)
(
ln(A0)− 1
ϕ2
) ∞∑
k=0
(
s2
2σ2s
)k
k!
−
∞∑
k=0
k
(
s2
2σ2s
)k
ϕ2k!

= exp
(
− s
2
2σ2s
)
(
ln(A0)− 1
ϕ2
) ∞∑
k=0
(
s2
2σ2s
)k
k!
− s
2
2ϕ2σ2s
∞∑
k=1
(
s2
2σ2s
)k−1
(k − 1)!
 .
(A.10.5)
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Knowing that ex =
∑∞
k=0
xk
k! [62, eqn. (1.211.1)], the impact of nonzero boresight pointing
error on the ergodic capacity of FSO systems can be written as
exp
(
− s
2
2σ2s
){(
ln(A0)− 1
ϕ2
)
exp
(
s2
2σ2s
)
− s
2
2ϕ2σ2s
exp
(
s2
2σ2s
)}
= ln(A0)− 1
ϕ2
− s
2
2σ2sϕ
2
.
(A.10.6)
Note that when the boresight error is set to zero, i.e. s = 0, the solution in Eq. (A.10.6)
corresponds to the solution of the integral in Eq. (2.58).
Appendix B
Derivation of the Correcting
Factors
B.1 Correcting Factor for MISO FSO Systems
The corresponding correcting factor of MISO FSO systems is derived from the correcting
factor of MIMO FSO systems when the parameter s is equal to 0, i.e. zero boresight pointing
errors, and the number of receiver apertures is equal to 1. Hence, it is possible to use the
same expression of the correcting factor of MIMO FSO systems depending on the setting
system as can be seen in the following section.
B.2 Correcting Factor for MIMO FSO Systems
We can express the correcting factor F as follows
F =
E
[∑M
k=1
∑N
l=1 Ikl
]MN
(MN)MN · E
[
MN
√∏M
k=1
∏N
l=1 Ikl
]MN
=
(∑M
k=1
∑N
l=1 E [Ikl]
)MN
(MN)MN ·
(∏M
k=1
∏N
l=1 E
[
MN
√
Ikl
])MN .
(B.2.1)
In order to compute the correcting factor F given in Eq. (B.2.1), we have to obtain the
nth moment of I, i.e., I = L · Ia · Ip knowing that Ia and Ip and statistically independent
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as follows
E[In] = E[(L · Ia · Ip)n] = Ln · E[Ina ] · E[Inp ] = Ln ·
∫ ∞
0
xnfIa(x)dx ·
∫ A0
0
ynfIp(y)dy,
(B.2.2)
where fIa(i) depends on atmospheric turbulence model, and fIp(i) is the PDF of nonzero
boresight pointing error model given in Eq. (3.21). Firstly, we derive the nth moment of
the nonzero boresight pointing error, which was derived in [56, appendix B] as follows
E [(Ip)n] =
A0ϕ
2
n+ ϕ2
exp
(
− ns
2
(n+ ϕ2)2σ2s
)
. (B.2.3)
Secondly, we derive the nth moment of LN atmospheric turbulence as
E
[(
ILNa
)n]
= exp
(
nσ2R
2
(n− 1)
)
. (B.2.4)
Next, the nth moment of GG atmospheric turbulence can be written as
E
[(
IGGa
)n]
=
(
1
αβ
)n Γ(n+ α)Γ(n+ β)
Γ(α)Γ(β)
. (B.2.5)
Finally, the nth moment of EW atmospheric turbulence was derived for any m1 (both real
and integer) in [144] as
E
[(
IEWa
)n]
= m1m
n
3 Γ
(
1 +
n
m2
)
gn(m1,m2). (B.2.6)
As in Eq. (3.39), the summation in Eq. (B.2.6) can easily be computed as the series con-
verges fast, and usually as much as 20 terms or less are sufficient for the series to converge.
Finally, the correcting factor F is obtained by substituting Eq. (B.2.3) into Eq. (B.2.1),
and by substituting Eq. (B.2.4), Eq. (B.2.5) or Eq. (B.2.6) into Eq. (B.2.1) depending on
the considered atmospheric turbulence model.
B.3 Correcting Factor for the BDF Cooperative Protocol
The correcting factor F for the BDF coopertive protocol is obtained for GG atmospheric
turbulence with zero boresight pointing errors. We can express this correcting factor as
follows
F =
E[IT ]2
8 · E
[√
ILBT
]2 . (B.3.1)
Before evaluating the parameter F , we obtain the mean of IT as E[IT ] = E[ISD] + 2E[IRD]
since ISD and IRD are statistically independent. Therefore, the mean of a generic RV Im
for m = {SD,RD} is given by
E[Im] =
∫ ∞
0
ifIm(i)di, (B.3.2)
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where fIm(i) is given by Eq. (2.34). The integral in Eq. (B.3.2) can be evaluated as in
Eq. (B.2.2) particularizing for GG atmospheric turbulence channels with zero boresight
pointing errors and n = 1 as follows
E[Im] =
A0mLmϕ
2
m
1 + ϕ2m
. (B.3.3)
The expectation of IT is given by
E[IT ] =
A0SDLSDϕ
2
SD
1 + ϕ2SD
+ 2
A0RDLRDϕ
2
RD
1 + ϕ2RD
. (B.3.4)
Secondly, we obtain the expectation of positive square root of ILBT as
E
[√
ILBT
]
=
∫ ∞
0
i1/2fILBT
(i)di. (B.3.5)
The above integral can be evaluated as in Eq. (B.2.2) particularizing for GG atmospheric
turbulence channels with zero boresight pointing errors and n = 1/2 as follows
E
[√
ILBT
]
=
√
A0SDA0RDLSDLRD
αSDβSDαRDβRD
× 4ϕ
2
SDΓ(αSD + 1/2)Γ(βSD + 1/2)ϕ
2
RDΓ(αRD + 1/2)Γ(βRD + 1/2)
(1 + 2ϕ2SD)Γ(αSD)Γ(βSD)(1 + 2ϕ
2
RD)Γ(αRD)Γ(βRD)
.
(B.3.6)
Finally, the correcting factor F is easily derived from Eqs. (B.3.4) and (B.3.6) as follows
F =
(
A0SDLSDϕ
2
SD
1 + ϕ2SD
+
2A0RDLRDϕ
2
RD
1 + ϕ2RD
)2
× αSDβSD(1 + 2ϕ
2
SD)
2Γ(αSD)
2Γ(βSD)
2
128A0SDLSDϕ
4
SDΓ(αSD + 1/2)
2Γ(βSD + 1/2)2
× αRDβRD(1 + 2ϕ
2
RD)
2Γ(αRD)
2Γ(βRD)
2
A0RDLRDϕ
4
RDΓ(αRD + 1/2)
2Γ(βRD + 1/2)2
.
(B.3.7)
B.4 Correcting Factor for the ADF Cooperative Protocol
The correcting factor F ′ for the ADF coopertive protocol is obtained for GG atmospheric
turbulence with zero boresight pointing errors under the assumption that IRD > ISD. In
this way, we can express this correcting factor as follows
F ′ =
E[ISD + 2IRD]2
8 · E [√ISDIRD]2 , IRD > ISD. (B.4.1)
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Similar to the correcting factor obtained in Appendix B.3, we firstly obtain the expectation
of E[ISD + 2IRD] under the assumption that IRD > ISD as
E[ISD + 2IRD] =
∫ ∞
0
∫ i2
0
(i1 + 2i2)fISD(i1)fIRD(i2)di1di2
=
∫ ∞
0
[∫ i2
0
i1fISD(i1)di1
]
fIRD(i2)di2 + 2
∫ ∞
0
i2FISD(i2)fIRD(i2)di2 = A+ 2B.
(B.4.2)
In order to evaluate the double integral in A, we have to evaluate the inner one first. In this
way, we can obtain the corresponding closed-form expression of A with the help of [59, eqn.
1.16.2.1] and [59, eqn. 2.24.1.2] (See Appendix A.3.2) for the inner integral and the outer
integral, respectively. Hence, the integral A can be expressed in terms of the Meijer’s G-
function as follows
A =
ϕ2RDϕ
2
SDA0SDLSDG
4,3
5,5
(
αRDβRDA0SDLSD
αSDβSDA0RDLRD
∣∣∣∣∣ −ϕ2SD,−αSD,−βSD, 1, ϕ2RD + 1ϕ2RD, αRD, βRD, 0,−ϕ2SD − 1
)
αSDβSDΓ(αRD)Γ(αSD)Γ(βRD)Γ(βSD)
.
(B.4.3)
Similar to A, we can obtain the corresponding closed-form expression of the integral B with
the help of [59, eqn. 2.24.1.2] as
B =
2ϕ2RDϕ
2
SDA0SDLSDG
4,3
5,5
(
αRDβRDA0SDLSD
αSDβSDA0RDLRD
∣∣∣∣∣ −ϕ2SD,−αSD,−βSD, 0, ϕ2RD + 1ϕ2RD, αRD, βRD,−1,−ϕ2SD − 1
)
αSDβSDΓ(αRD)Γ(αSD)Γ(βRD)Γ(βSD)
.
(B.4.4)
Secondly, we obtain the expectation of positive square root of the product of ISDIRD under
the assumption that IRD > ISD as follows
E[
√
ISDIRD] =
∫ ∞
0
∫ i2
0
√
i1i2fISD(i1)fIRD(i2)di1di2
=
∫ ∞
0
√
i2
[∫ i2
0
√
i1fISD(i1)di1
]
fIRD(i2)di2 = C.
(B.4.5)
Similar to A, we can obtain the expectation of positive square root of the product of ISD
and IRD as
C =
ϕ2RDϕ
2
SDA0SDLSDG
4,3
5,5
(
αRDβRDA0SDLSD
αSDβSDA0RDLRD
∣∣∣∣∣ −ϕ2SD,−αSD,−βSD, 12 , ϕ2RD + 1ϕ2RD, αRD, βRD,−12 ,−ϕ2SD − 1
)
αSDβSDΓ(αRD)Γ(αSD)Γ(βRD)Γ(βSD)
.
(B.4.6)
Finally, the correcting factor F ′ is easily derived from Eqs. (B.4.3), (B.4.4) and (B.4.6) as
follows
F ′ =
(A+ 2B)2
8 · C2 . (B.4.7)
Appendix C
Correlated Sways
In this Appendix, the corresponding means and variances of x′ and y′ are derived. In this
way, the corresponding mean of x′ can easily be obtained as follows
µ′x = E[x′] = E[r cos(φ− φ0)] = E[r cosφ cosφ0 + r sinφ sinφ0]
= cosφ0E[r cosφ] + sinφ0E[r sinφ] = µx cosφ0 + µy sinφ0.
(C.0.1)
Similar to the above expression, the corresponding mean of y′ is also obtained as follows
µ′y = E[y′] = E[r sin(φ− φ0)] = E[r sinφ cosφ0 − r cosφ sinφ0]
= cosφ0E[r sinφ]− sinφ0E[r cosφ] = µy cosφ0 − µx sinφ0.
(C.0.2)
Finally, the corresponding variance of x′ can be obtained by performing some easy algebraic
manipulations as follows
σ′
2
x = V ar[x
′] = V ar[r cos(φ− φ0)] = V ar[r cosφ cosφ0 + r sinφ sinφ0]
= cos2 φ0V ar[r cosφ] + sin
2 φ0V ar[r sinφ]
+ 2 cosφ0 sinφ0Cov[r cosφ, r sinφ]
= σ2x cos
2 φ0 + σ
2
y sin
2 φ0 + 2ρσxσy sinφ0 cosφ0.
(C.0.3)
Similar to the above expression, the corresponding variance of y′ is also obtained as follows
σ′
2
y = V ar[y
′] = V ar[r sin(φ− φ0)] = V ar[r sinφ cosφ0 − r cosφ sinφ0]
= cos2 φ0V ar[r sinφ] + sin
2 φ0V ar[r cosφ]
− 2 cosφ0 sinφ0Cov[r sinφ, r cosφ]
= σ2y cos
2 φ0 + σ
2
x sin
2 φ0 − 2ρσxσy sinφ0 cosφ0.
(C.0.4)
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Appendix E
Summary (Spanish)
E.1 Introduccio´n
E.1.1 Motivacio´n
El uso de comunicaciones o´pticas inala´mbricas (OWC, Optical Wireless Communication)
como solucio´n a la escasez de recursos espectrales en la zona del espectro radioele´ctrico ha
atra´ıdo una considerable atencio´n en an˜os recientes como consecuencia del crecimiento del
volumen de datos y la cantidad de usuarios, as´ı como de la aparicio´n de nuevas tecnolog´ıas
tales como acceso a Internet de banda ancha ultra-ra´pido, the Internet of Things (IoT),
servicios de alta definicio´n para televisio´n, servicios de televisio´n en streaming, etc [1,2]. Esta
tecnolog´ıa puede ser aplicable a diferentes aplicaciones como: comunicaciones chip-to-chip
para ultra-corto alcance, comunicaciones IR (Infrared), VLC (Visible Light Communication)
y UOC (Underwater Optical Communication) para medio alcance, comunicaciones FSO
(Free-Space Optical) para largo alcance, y enlaces tierra-sate´lite para ultra-largo alcance.
En esta tesis, todo el estudio se realiza sobre enlaces terrestres FSO. Dichos enlaces utilizan
longitudes de onda ubicadas en la zona del infrarrojo cercano, es decir, longitudes de ondas
de 850 nm, 1300 nm y 1550 nm que se corresponden con la primera, segunda y tercera
ventana de transmisio´n, respectivamente.
Tradicionalmente, los sistemas de comunicaciones FSO han sido propuestos como una alter-
nativa a la tecnolog´ıa de RF (Radio-Frequency) y como una interesante solucio´n al conocido
problema de la u´ltima milla, es decir, la distancia entre el usuario final y la infraestructura de
fibra o´ptica. Este problema continua siendo el cuello de botella en las redes existentes debido
a que la tecnolog´ıa de RF limita la velocidad en el u´ltimo tramo, obteniendo reg´ımenes
binarios del orden de 10-100 Mbps. La tecnolog´ıa FSO permite a los diferentes usuarios
conectarse a las redes de fibra o´ptica a una velocidad mucho mayor como consecuencia
directa de su elevado ancho de banda disponible. El espectro o´ptico ofrece numerosas
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ventajas tales como la posibilidad de utilizar un ancho de banda ma´s elevado que el espectro
radioele´ctrico y, adema´s, este carece de regulacio´n por encima de los 300 GHz. Otra ventaja
en relacio´n a los sistemas de RF es que los sistemas FSO presentan una menor atenuacio´n
en lluvia e inmunidad frente a interferencias debido al uso de un haz muy estrecho entre
transmisor y receptor. Por u´ltimo, no solo son una ma´s que interesante alternativa a los
sistemas de RF, sino tambie´n a los sistemas guiados de fibra o´ptica. No cabe duda que los
enlaces de fibra o´ptica son a d´ıa de hoy la mejor solucio´n para garantizar una buena calidad
de servicio, pero por temas relacionados con coste e instalacio´n no siempre son una buena
opcio´n.
Como es de esperar, no todo son ventajas en el a´mbito de la tecnolog´ıa FSO donde algunos
inconvenientes limitan el rango de viabilidad de estos sistemas. Los factores ma´s delimita-
dores son: la turbulencia atmosfe´rica, los errores por desapuntamiento entre transmisor y
receptor, y la niebla espesa. La turbulencia atmosfe´rica es provocada por microvariaciones
de presio´n y temperatura que conllevan a fluctuaciones locales del ı´ndice de refraccio´n en
la atmo´sfera. Como resultado, la sen˜al o´ptica que se propaga a trave´s de la atmo´sfera
sufre fluctuaciones aleatorias en intensidad y en fase. La turbulencia atmosfe´rica puede ser
descrita f´ısicamente por la teor´ıa de cascadas propuesta por Kolmogorov [13]. Segu´n esta
teor´ıa, la masa de aire turbulento esta´ compuesto por un conjunto de torbellinos de difere-
ntes taman˜os donde se asume que cada uno de ellos es homoge´neo aunque con un ı´ndice de
refraccio´n diferente al de sus vecinos. La energ´ıa procedente del movimiento de las masas de
aire sera´ transportada a torbellinos cada vez ma´s pequen˜os hasta que se termine disipando
en calor. Respecto a los errores por desapuntamiento entre transmisor y receptor, estos son
una consecuencia directa de la dificultad de conseguir un perfecto alineamiento entre ellos
debido al estrecho haz de la fuente la´ser. Las causas del desapuntamiento pueden deberse
a feno´menos meteorolo´gicos como fuertes rachas de viento y pequen˜os terremotos, entre
otras. Por u´ltimo, los sistemas FSO son, en general, altamente vulnerables a condiciones
meteorolo´gicas adversas como la niebla espesa.
E.1.2 Objetivos
Esta tesis esta´ centrada en el estudio de las prestaciones de sistemas avanzados de comu-
nicaciones o´pticas atmosfe´ricas o sistemas FSO. El estudio de las prestaciones, ya sea en
te´rminos de probabilidad de error de bit (BER, Bit Error-Rate), probabilidad de outage o
capacidad ergo´dica, ha sido un tema de intere´s relevante para la comunidad cient´ıfica desde
hace varias de´cadas. En este sentido, dos grandes a´reas o l´ıneas de investigacio´n son abor-
dadas a lo largo de esta tesis, presentando nuevos e interesantes resultados relacionados con
las comunicaciones o´pticas. Estas dos grandes a´reas son: ana´lisis de la capacidad ergo´dica,
y modelado de errores por desapuntamiento generalizado entre transmisor y receptor.
Por un lado, el estudio de la capacidad ergo´dica representa la primera l´ınea de investigacio´n
de esta tesis en la cual no solo se analiza la capacidad ergo´dica correspondiente a sistemas
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basados en diversidad espacial tales como sistemas MISO (Multiple-Input/Single-Input),
SIMO (Single-Input/Multiple-Output) y MIMO (Multiple-Input/Multiple-Input) FSO, sino
tambie´n de sistemas cooperativos FSO basados en retransmisio´n DF (Detect-and-Forward).
La capacidad ergo´dica es una de las medidas de prestaciones ma´s importante, la cual nos
proporciona informacio´n sobre la ma´xima tasa de informacio´n libre de errores que puede
lograrse cuando transmitimos informacio´n por un canal con desvanecimientos (fading) [73],
es decir, sobre canales afectados por turbulencia atmosfe´rica. As´ı pues, el objetivo de esta
l´ınea de investigacio´n es doble: por un lado, desarrollar nuevas expresiones matema´ticas que
nos permitan computar la capacidad ergo´dica en todo el rango de valores de SNR (Signal-
to-Noise Ratio), as´ı como estudiar co´mo esta se deteriora debido al efecto de la turbulencia
atmosfe´rica y, al mismo tiempo, co´mo mejora con respecto a la capacidad ergo´dica obtenida
por un sistema SISO FSO; por otro lado, incorporar el efecto del desapuntamiento Rayleigh
(modelo ma´s sencillo desde el punto de vista matema´tico) en el estudio de la capacidad
ergo´dica (efecto que no ha sido tenido en cuenta en la literatura hasta ahora), as´ı como
incluir el efecto de los errores por punter´ıa (nonzero boresight error) al desapuntamiento
Rayleigh dando lugar a un desapuntamiento lognormal-Rice fundamentalmente en sistemas
SIMO y MIMO FSO con ma´s de una apertura receptora. El utilizar un modelo ma´s sofisti-
cado de desapuntamiento para el estudio de la capacidad de sistemas SIMO y MIMO FSO
ha propiciado crear una segunda l´ınea de investigacio´n: modelado de errores por desapun-
tamiento generalizado entre transmisor y receptor.
Por otro lado, la segunda l´ınea de investigacio´n es el modelado de errores por desapun-
tamiento generalizado. En la u´ltima de´cada se han propuesto diferentes modelos estad´ısticos
con el fin de modelar dichos errores [53, 56, 132]. Los citados modelos se han usado en un
elevado nu´mero de art´ıculos de investigacio´n con el objetivo de incorporar tal efecto en los
diferentes estudios para dotarlos de un mayor grado de realismo. Incorporar el efecto del
desapuntamiento conlleva una dificultad an˜adida a la hora de desarrollar nuevas expresiones
matema´ticas en forma cerrada que evalu´en las prestaciones de los sistemas FSO. Por tanto,
incluir el efecto de los errores por desapuntamiento en el ana´lisis de las prestaciones no solo
es dotar dicho ana´lisis de un mayor grado de realismo, sino tambie´n supone un reto desde
el punto de vista matema´tico. En el caso general, el efecto del desapuntamiento entre el
transmisor y el receptor es modelado segu´n la distribucio´n Beckmann [34], cuya funcio´n den-
sidad de probabilidad (PDF, Probability Density Function) presenta ciertos impedimentos
desde el punto de vista pra´ctico ya que esta´ expresada en forma integral. En este sentido,
se propone una aproximacio´n a esta conocida PDF con el objetivo de incluir errores por
desapuntamiento generalizado en el disen˜o de cualquier sistema FSO.
E.2 El Canal O´ptico Atmosfe´rico
En esta seccio´n se presenta el modelo de canal o´ptico atmosfe´rico asumido a lo largo de
esta tesis para cada uno de los enlaces FSO involucrados en cada sistema. As´ı pues, estos
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enlaces esta´n basados en modulacio´n de intensidad y deteccio´n directa (IM/DD, Intensity-
Modulation and Direct-Detection) con l´ınea de visio´n directa (LOS, Line-of-Sight) entre
transmisor y receptor. El sistema FSO esta´ compuesto por un diodo la´ser emisor de
infrarrojos y un fotodetector como transductor de sen˜al o´ptica a sen˜al ele´ctrica. El modelo
matema´tico en banda base para dicho canal viene dado por
Y = IX + Z, (E.2.1)
donde Y es la corriente de salida del fotodetector, X es la potencia o´ptica instanta´nea
transmitida al medio por el transmisor, I es la irradiancia del enlace o´ptico atmosfe´rico
entre el transmisor y el receptor, y Z es el ruido aditivo blanco y Gaussiano (AWGN,
Aditive White Gaussian Noise) de media cero y varianza σ2n = N0/2 e independiente del
estado on/off del bit recibido (Z ∼ N(0, N0/2)). El sistema de modulacio´n empleado es OOK
(On-Off Keying) donde X es 0 o 2Pt, siendo Pt la potencia o´ptica promedio enviada al aire.
La irradiancia es considerada el producto de tres factores dada por I = L · Ia · Ip, donde
L es la atenuacio´n atmosfe´rica (variable determinista), Ia es la turbulencia atmosfe´rica, e
Ip es la atenuacio´n debida a los errores por desapuntamiento entre transmisor y receptor.
Diferentes modelos estad´ısticos han sido propuestos para modelar la turbulencia atmosfe´rica
tales como los modelos log-nornal (LN) y gamma-gamma (GG). Concretamente, LN es ma´s
adecuado para modelar escenarios de turbulencia de´bil, y GG es adecuado para escenarios
de turbulencia moderada o fuerte. En esta tesis, se adopta principalmente el modelo GG.
E.3 Ana´lisis de la Capacidad Ergo´dica
E.3.1 Motivacio´n
En esta seccio´n se realiza un estudio pormenorizado de la capacidad ergo´dica de sistemas
MISO, SIMO, MIMO y cooperativos FSO sobre turbulencia atmosfe´rica modelada con dis-
tribucio´n GG y ante diferente severidad de errores por desapuntamiento entre transmisor y
receptor. En este sentido, se obtienen nuevas expresiones matema´ticas en forma cerrada las
cuales nos sirven para estimar la capacidad ergo´dica del sistema bajo estudio.
En la u´ltima de´cada, el estudio de la capacidad ergo´dica de los sistemas FSO sobre diferentes
modelos estad´ısticos de turbulencia atmosfe´rica y de desapuntamiento entre transmisor y
receptor ha sido un tema de intere´s notable para la comunidad investigadora [65, 67–72].
E.3.2 Capacidad Ergo´dica de Sistemas MISO FSO
En esta seccio´n se obtienen nuevas expresiones matema´ticas en forma cerrada para la ca-
pacidad ergo´dica de un sistema MISO FSO sobre canales atmosfe´ricos modelados con dis-
tribucio´n GG y ante diferente severidad de errores por desapuntamiento Rayleigh, es decir,
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desapuntamiento con zero boresight errors entre transmisor y receptor. Hay que destacar que
estas expresiones nunca antes se hab´ıan obtenido debido a que el efecto del desapuntamiento
nunca se hab´ıa tenido en cuenta en la literatura.
Modelo de Sistema
Asumimos un sistema MISO FSO con M transmisores y un u´nico receptor como el que
se muestra en la Fig. E.1. Antes de comenzar con dicho ana´lisis, algunas consideraciones
Signal
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and coding
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Laser 2
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..
Laser M
Receiver
Figure E.1: Diagrama de bloques del sistema MISO FSO bajo estudio.
deben ser comentadas: en primer lugar, asumimos que el transmisor y el receptor esta´n
situados de forma que todas las fuentes la´seres que forman el transmisor se encuentran en la
l´ınea de visio´n directa del receptor; en segundo lugar, todas las fuentes la´seres se encuentran
separadas una determinada distancia con el objetivo de considerar fading incorrelados y,
por tanto, beneficiarnos de las ventajas que proporcionan las te´cnicas basadas en diversidad
espacial. Esta distancia esta´ relacionada con la longitud de coherencia atmosfe´rica r0 (ve´ase
Cap´ıtulo 2). Si la distancia de separacio´n entre las diferentes fuentes la´seres es mayor que la
longitud de coherencia atmosfe´rica, entonces podemos considerar fading incorrelados. Esta
situacio´n suele ser habitual en la pra´ctica [94, 95] y, al mismo tiempo, facilita el ana´lisis
matema´tico; y, en tercer lugar, asumimos tambie´n la te´cnica de combinacio´n EGC (Equal
Gain Combining) en el receptor como me´todo de combinacio´n de las diferentes re´plicas que
provienen de los diferentes la´seres debido a su baja complejidad [96, 97].
Ana´lisis de la Capacidad
Asumiendo CSI (Channel State Information) instanta´neo en el receptor, la capacidad
ergo´dica de un sistema MISO FSO en bits/s/Hz puede ser escrita como
CMISO/B =
1
2 ln(2)
∫ ∞
0
ln
(
1 +
4γ
M2
i2
)
fIT (i)di, (E.3.1)
donde γ es la SNR en ausencia de turbulencia atmosfe´rica y es definida como γ = P 2t Tb/N0
(Tb es el periodo de bit), IT = I1 + I2 + · · ·+ IM es la irradiancia total del canal MISO
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FSO, y fIT (i) es la PDF de la suma de M variables aleatorias GG con desapuntamiento
entre transmisor y receptor. Las M variables aleatorias involucradas en dicha suma son
estad´ısticamente independientes pero no necesariamente ide´nticamente distribuidas. La di-
visio´n porM en la expresio´n de la SNR es para considerar la misma potencia o´ptica promedio
en el aire que en el caso de un sistema SISO FSO con una u´nica fuente la´ser, es decir, cada
la´ser del sistema MISO FSO env´ıa al aire una potencia o´ptica promedio de Pt/M debido a
que estamos considerando M fuentes la´seres.
Desafortunadamente, una expresio´n matema´tica en forma cerrada para la PDF combinada
de la suma de M variables aleatorias GG con desapuntamiento Rayleigh entre transmisor
y receptor no es posible obtener. Para solventar dicho problema recurrimos a realizar
una aproximacio´n basada en la desigualdad entre la media aritme´tica (AM ) y la media
geome´trica (GM ) dada por
AM ≥ GM, (E.3.2)
donde AM = (1/M)
∑M
k=1 Ik y GM =
M
√∏M
k=1 Ik son la AM y la GM, respectivamente. En
este caso estamos obteniendo una cota inferior para dicha suma dada por
IT =
M∑
k=1
Ik ≥M M
√√√√F · M∏
k=1
Ik = M
M
√
F · ILB. (E.3.3)
Se puede advertir que la PDF de ILB se presenta ma´s tratable desde el punto de vista
matema´tico que la PDF de IT . Adema´s, un factor de correccio´n F es an˜adido a la expresio´n
de arriba con el fin de obtener una mayor precisio´n en el co´mputo de la capacidad. Este factor
de correccio´n esta´ justificado desde el hecho de que la esperanza matema´tica (la media) en
ambos lados de la desigualdad toma diferentes valores. Dicho factor de correccio´n convierte
la desigualdad en aproximacio´n. El factor de correccio´n F puede ser expresado como (ve´ase
Ape´ndice B.1)
F =
E
[∑M
k=1 Ik
]M
MM · E
[
M
√∏M
k=1 Ik
]M . (E.3.4)
Ahora, substituyendo Eq. (E.3.3) en Eq. (E.3.1) y, realizando algunas simplificaciones
matema´ticas, se obtiene la siguiente expresio´n para la capacidad ergo´dica de un sistema
MISO FSO
CMISO/B ≈ 1
ln(4)
∫ ∞
0
ln
(
1 + 4γ (i · F ) 2M
)
fILB (i)di. (E.3.5)
La PDF de fILB (i) se obtiene v´ıa transformada de Mellin (ve´ase Ape´ndice A.7.1) cuyo
resultado final es
fILB (i) =
i−1
∏M
k=1 ϕ
2
kG
3M,0
M,3M
(∏M
k=1
αkβk
A0kLk
i
∣∣∣∣∣ ϕ21 + 1, . . . , ϕ2M + 1ϕ21, α1, β1, . . . , ϕ2M , αM , βM
)
∏M
k=1 Γ(αk)Γ(βk)
. (E.3.6)
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Table E.1: Condiciones clima´ticas del enlace FSO.
Clima Visibilidad (km) C2n ×10−14 m−2/3
Neblina 4 1.7 (Turbulencia moderada.)
Cielo claro 16 8 (Turbulencia fuerte.)
La integral en Eq. (E.3.5) se puede resolver con la ayuda de [59, eqn. (8.4.6.5)] (ve´ase
Ape´ndice A.3.1) y [58, eqn. (07.34.21.0012.01)] (ve´ase Ape´ndice A.3.2), obteniendo la
siguiente expresio´n aproximada en forma cerrada para la capacidad de un sistema MISO
FSO
CMISO/B
.
=
∏M
k=1 ϕ
2
kH
1,2+3M
2+3M,2+M
(
4γ M
√
F
(∏M
k=1
A0kLk
αkβk
) 2
M
∣∣∣∣∣ (1, 1), (1, 1), ξ1(1, 1), ξ2, (0, 1)
)
ln (4)
∏M
k=1 Γ(αk)Γ(βk)
, (E.3.7)
donde ξ1 = {(1−ϕ21, 2M ), (1−α1, 2M ), (1−β1, 2M ), . . . , (1−ϕ2M , 2M ), (1−αM , 2M ), (1−βM , 2M )},
ξ2 = {(−ϕ21, 2M ), . . . , (−ϕ2M , 2M )}, y Hm,np,q [·] es la funcio´n H-Fox (ve´ase Ape´ndice A.5).
Resultados Nume´ricos
A continuacio´n se muestran algunos resultados nume´ricos con el fin de evaluar la expresio´n
matema´tica obtenida para la capacidad ergo´dica en Eq. (E.3.7) correspondiente a un sis-
tema MISO FSO. Adema´s, se han incluido las correspondientes simulaciones de Monte
Carlo con el objetivo de validar dicha expresio´n matema´tica. Estos resultados nume´ricos
son mostrados en la Fig. E.2 para diferentes valores de M , y considerando una distancia
t´ıpica de enlace FSO de 3 km. Diferentes condiciones clima´ticas tambie´n son consideradas
para diferenciar entre turbulencia moderada y turbulencia fuerte como puede verse en la
Tabla E.1. Con los valores que aparecen en la Tabla E.1 y considerando una distancia de
enlace de 3 km, un espaciado mı´nimo entre la´seres en transmisio´n de 2.94 cm y 1.16 cm
para turbulencia moderada y fuerte, respectivamente, deben ser respetados para considerar
fading incorrelados en ambos escenarios.
A la vista de los resultados nume´ricos, hay que destacar la precisio´n de la expresio´n anal´ıtica
obtenida la cual nos permite computar la capacidad en todo el rango de valores de SNR. Al
mismo tiempo, se puede observar que la capacidad en un sistema MISO FSO es proporcional
al nu´mero de fuentes la´seres usadas en el transmisor, no obteniendo una mejora apreciable
cuando el nu´mero de fuentes la´seres es superior a 4. A su vez, la capacidad en un sistema
MISO FSO es disminuida como consecuencia directa de aumentar la severidad de los errores
por desapuntamiento. Por u´ltimo, hay que resaltar que la capacidad ergo´dica en un sistema
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Figure E.2: Capacidad ergo´dica para una distancia de enlace FSO de dSD= 3 km cuando se
adoptan diferentes condiciones clima´ticas. Tambie´n se asumen diferentes valores de ancho
de haz normalizado y jitter normalizado de (ωz/a, σs/a) = (5, 1) y (ωz/a,σs/a)=(10,2).
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Figure E.3: Diagrama de bloques del sistema MIMO FSO bajo estudio.
MISO FSO es muy superior a la capacidad obtenida por un sistema SISO FSO con una
u´nica fuente la´ser.
E.3.3 Capacidad Ergo´dica de Sistemas MIMO FSO
En esta seccio´n se obtienen nuevas expresiones asinto´ticas en forma cerrada para la capacidad
ergo´dica de un sistema MIMO FSO sobre canales atmosfe´ricos modelados con distribucio´n
GG, y ante diferente severidad de errores por desapuntamiento lognormal-Rice, es decir,
teniendo en cuenta el efecto de nonzero boresight errors.
Modelo de Sistema
Asumimos un sistema MIMO FSO con M transmisores y N aperturas receptoras tal como
se muestra en la Fig. E.3, donde todas las fuentes la´seres esta´n alineadas con el centroide
de la figura formada por las aperturas receptoras (trapecio). El centroide es considerado el
punto de alineacio´n (pc = (xc, yc) = (0, 0)).
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Ana´lisis de la Capacidad
Asumiendo CSI instanta´neo en el receptor, la capacidad ergo´dica de un sistema MIMO FSO
en bits/s/Hz puede ser escrita como
CMIMO/B
=
1
ln(4)
∫ ∞
0
· · ·
∫ ∞
0︸ ︷︷ ︸
MN-fold
ln
1 + 4γ
M2N2
(
M∑
k=1
N∑
l=1
ikl
)2 M∏
k=1
N∏
l=1
fIkl(ikl)dikl,
(E.3.8)
donde γ es la SNR en ausencia de turbulencia atmosfe´rica, y fIkl(ikl) es la PDF combinada
de turbulencia atmosfe´rica y desapuntamiento con nonzero boresight errors entre la k-e´sima
fuente la´ser y la l-e´sima apertura receptora. La divisio´n por M es debido al mismo razona-
miento que en el caso de sistemas MISO FSO, y la divisio´n por N es para asegurar que el
a´rea de la apertura receptora de un sistema SISO FSO es equivalente a la suma de las N
a´reas de las aperturas receptoras en un sistema MIMO FSO.
Desafortunadamente, una expresio´n en forma cerrada para la PDF combinada de la suma de
MN variables aleatorias que representan el efecto combinado de turbulencia atmosfe´rica y
desapuntamiento con nonzero boresight errors no es posible obtener. Por tanto, recurrimos
al comportamiento asinto´tico para el ca´lculo de la capacidad ergo´dica en el caso de sistemas
MIMO FSO. En este sentido, el comportamiento asinto´tico de la capacidad ergo´dica se
obtiene aproximando ln(1 + z) ≈ ln(z) cuando z →∞, resultando
CMIMO/B
.
=
ln(4γ0)
ln(4)
+
ln(F )
MN ln(2)
+
1
MN ln(2)
M∑
k=1
N∑
l=1
∫ ∞
0
ln(ikl)fIkl(ikl)dikl︸ ︷︷ ︸
INT
. (E.3.9)
El factor de correccio´n F se obtiene de la misma forma que el factor de correccio´n para
sistemas MISO FSO. Por tanto, el factor de correccio´n F para sistemas MIMO FSO se
puede obtener a trave´s de la siguiente expresio´n (ve´ase Ape´ndice B.2)
F =
E
[∑M
k=1
∑N
l=1 Ikl
]MN
(MN)MN · E
[
MN
√∏M
k=1
∏N
l=1 Ikl
]MN . (E.3.10)
Teniendo en cuenta que la turbulencia atmosfe´rica y los errores por desapuntamiento son
considerados estad´ısticamente independientes, la integral INT que aparece arriba puede ser
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reescrita de una forma ma´s sencilla como
INT =
∫ ∞
0
ln(ikl)fIkl(ikl)dikl
=
∫ ∞
0
∫ A0kl
0
ln(Lkl · iakl · ipkl)fIakl(iakl)fIpkl(i
p
kl)di
a
kldi
p
kl
= ln(Lkl) +
∫ ∞
0
ln(iakl)fIakl(i
a
kl)di
a
kl︸ ︷︷ ︸
INT1
+
∫ A0kl
0
ln(ipkl)fIpkl
(ipkl)di
p
kl︸ ︷︷ ︸
INT2
= ln(Lkl) + INT1 + INT2.
(E.3.11)
En primer lugar, obtenemos el resultado de la integral INT2 como (ve´ase Ape´ndice A.10)
INT2 =
∫ A0kl
0
ln(ipkl)fIpkl
(ipkl)di
p
kl = ln(A0kl)−
1
ϕ2kl
− s
2
kl
2σ2sklϕ
2
kl
. (E.3.12)
En segundo lugar, obtenemos el valor de la integral INT1 para turbulencia atmosfe´rica GG
la cual ya fue obtenida en Eq. (2.57), obteniendo la siguiente expresio´n en forma cerrada
para el comportamiento asinto´tico de la capacidad ergo´dica de un sistema MIMO FSO
CGGMIMO/B
.
=
ln(4γ)
ln(4)
+
ln(F )
MN ln(2)
+
1
MN ln(2)
×
M∑
k=1
N∑
l=1
ln
(
Lkl
αklβkl
)
+ ψ(αkl) + ψ(βkl) + ln(A0kl)−
1
ϕ2kl
− s
2
kl
2σ2sklϕ
2
kl
.
(E.3.13)
Se debe mencionar que este ana´lisis tambie´n fue realizado para turbulencia atmosfe´rica LN
y EW (Exponentiated Weibull) con el objetivo de contemplar entornos de turbulencia de´bil
y el efecto de aperture averaging, respectivamente. Ma´s detalles sobre este ana´lisis se pueden
encontrar en el Cap´ıtulo 3.
Resultados Nume´ricos
A continuacio´n se muestran algunos resultados nume´ricos con el objetivo de evaluar la
expresio´n matema´tica obtenida para la capacidad ergo´dica asinto´tica correspondiente a sis-
temas MIMO FSO. Para ello, se considera una distancia de enlace FSO de dSD = 2 km
y un espaciado normalizado entre aperturas receptoras de d′/a = 6 para turbulencia at-
mosfe´rica GG. Adema´s, se han incluido las correspondientes simulaciones de Monte Carlo
con el objetivo de validar dicha expresio´n matema´tica.
Por un lado, podemos concluir que el sistema que mejores prestaciones obtiene en te´rminos
de capacidad es el sistema MISO FSO ya que el efecto de errores por desapuntamiento con
nonzero boresight error puede ser despreciable al estar compuesto por un u´nico receptor.
Esto no ocurre en sistemas SIMO y MIMO FSO donde el efecto de inherent nonzero boresight
error cobra mucha importancia como consecuencia directa de que cada la´ser solo puede estar
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Figure E.4: Comportamiento asinto´tico de la capacidad ergo´dica de sistemas MIMO FSO
para turbulencia atmosfe´rica GG ante diferente severidad de errores por desapuntamiento.
perfectamente alineado con una u´nica apertura receptora y, por tanto, el resto de aperturas
receptoras presentan un inherent nonzero boresight error que no puede ser ignorado. Por otro
lado, podemos tambie´n concluir que un sistema MISO FSO es una solucio´n ma´s interesante
para aumentar la capacidad que los sistemas SIMO y MIMO FSO ya que las prestaciones
de estos u´ltimos dependen en mayor medida de la separacio´n entre aperturas receptoras, la
cual condiciona el aumento del efecto de inherent nonzero boresight errors.
E.3.4 Capacidad Ergo´dica de Sistemas Cooperativos FSO
En esta seccio´n se analiza la capacidad ergo´dica de un sistema cooperativo FSO formado
por tres nodos donde la l´ınea de visio´n directa entre el nodo fuente y el nodo destino se
usa para aumentar la capacidad sobre canales con turbulencia atmosfe´rica GG y teniendo
en cuenta los errores por desapuntamiento Rayleigh, es decir, desapuntamiento con zero
boresight errors.
E.3.5 Comunicaciones Cooperativas
Tradicionalmente, las comunicaciones cooperativas fueron propuestas para conseguir di-
versidad espacial en el contexto de los sistemas de RF. Hoy en d´ıa, las comunicaciones
cooperativas tambie´n son propuestas en el contexto de los sistemas FSO. En este sentido,
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se presentan como una fuerte alternativa a los cla´sicos sistemas basados en diversidad es-
pacial tales como MISO, SIMO y MIMO FSO con el objetivo de demostrar que existen
otras v´ıas para aumentar la capacidad en los sistemas de comunicaciones FSO cuando por
razones de coste, taman˜o o incluso hardware no es posible aumentar el nu´mero de fuentes
la´seres en transmisio´n y/o en recepcio´n. As´ı pues, se propone usar otros nodos que puedan
estar disponibles para su uso con el objetivo de crear un sistema MISO o MIMO virtual
creando diferentes caminos o´pticos para hacer llegar la informacio´n al nodo destino y aplicar
algunos de los me´todos de combinacio´n existentes como por ejemplo EGC. En los u´ltimos
an˜os, la comunidad cient´ıfica ha demostrado un intere´s importante por las comunicaciones
cooperativas en el contexto de los sistemas FSO concluyendo que esta propuesta es apta no
solo para extender el a´rea de cobertura y alcanzar mayores distancias, sino tambie´n como
mecanismo para crear diversidad espacial y aumentar las prestaciones en te´rminos de BER,
probabilidad de outage y capacidad [88–93,105–107,114–120,122–124].
Amplify-and-forward (AF) En AF, el nodo relay amplifica la sen˜al recibida que proviene
del nodo fuente y la reenv´ıa hacia el nodo destino sin aplicar ningu´n tipo de deteccio´n
y/o decodificacio´n.
Decode-and-forward (DF) DF hace justo lo contrario que AF. El nodo relay previa-
mente detecta y decodifica (en caso de ser necesario) la informacio´n recibida prove-
niente desde el nodo fuente y la reenv´ıa con la nueva potencia hac´ıa el nodo destino.
A pesar de que AF presenta una cierta ventaja desde el punto de vista de los requerimientos
hardware necesarios con respecto a DF, DF obtiene mejores prestaciones que AF y, por
este motivo, este me´todo de retransmisio´n ha sido elegido para evaluar la capacidad de un
sistema cooperativo formado por tres nodos [110].
Modelo de Sistema
Asumimos un sistema cooperativo formado por tres nodos tal como se muestra en la Fig. E.5.
Se va a analizar la capacidad ergo´dica para 2 protocolos de cooperacio´n diferentes: BDF
(Bit Detect-and-Forward) y ADF (Adaptive Detect-and-Forward).
Protocolo Cooperativo BDF
El protocolo de cooperacio´n BDF trabaja en dos etapas [114, 117]. En la primera etapa,
el nodo fuente env´ıa la misma informacio´n hacia el nodo relay y hacia el nodo destino. Al
usar dos fuentes la´seres, la potencia o´ptica promedio enviada al aire por cada fuente la´ser es
Pt/2. En la segunda etapa, el nodo relay reenv´ıa la informacio´n recibida en la etapa anterior
por parte del nodo fuente hacia el nodo destino con la nueva potencia e independientemente
de si la deteccio´n ha sido correcta o incorrecta. El nodo destino realiza la combinacio´n de
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Figure E.5: Diagrama de bloques del sistema cooperativo FSO considerado en este estudio
donde dSD es la distancia fuente-destino (S-D), y (xR, yR) representa la ubicacio´n del nodo
relay.
ambas sen˜ales para realizar la deteccio´n, es decir, la combinacio´n de la sen˜al recibida por el
enlace fuente-destino (S-D) y la sen˜al recibida por el enlace relay-destino (R-D).
Protocolo Cooperativo ADF
El protocolo de cooperacio´n ADF es un protocolo selectivo que selecciona entre transmisio´n
cooperativa v´ıa protocolo cooperativo BDF o transmisio´n directa v´ıa enlace S-D. La seleccio´n
de una forma de transmisio´n u otra se hace en base al conocimiento del CSI del enlace R-D
y del enlace S-D. Cuando la irradiancia del enlace S-D (ISD) es mayor que la irradiancia del
enlace R-D (IRD) se realiza transmisio´n directa. En caso contrario se realiza transmisio´n
cooperativa usando el protocolo cooperativo BDF.
Ana´lisis de la Capacidad
En primer lugar, obtenemos la expresio´n de la capacidad ergo´dica correspondiente al pro-
tocolo cooperativo BDF. En este sentido, la capacidad correspondiente a dicho protocolo
cooperativo se puede calcular asumiendo CSI en el receptor como
CBDF = C0 · (1− PSRb ) + C1 · PSRb = C0 − (C0 − C1) · PSRb , (E.3.14)
donde PSRb es la BER del enlace S-R, y C0 y C1 son las capacidades ergo´dicas cuando la
deteccio´n en el nodo relay es correcta e incorrecta, respectivamente. La expresio´n de arriba
se puede aproximar por
CBDF ≈ C0 = B
2 ln(2)
∫ ∞
0
∫ ∞
0
ln
(
1 +
γ
2
(i1 + 2i2)
2
)
fISD(i1)fIRD(i2)di1di2, (E.3.15)
donde fIm(i) es la PDF combinada de turbulencia atmosfe´rica y desapuntamiento Rayleigh
dada en Eq. (2.34). Sabiendo que la BER correspondiente al enlace S-R tiende a cero
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conforme la SNR tiene a infinito, podemos aproximar la expresio´n de arriba por
CBDF/B ≈ 1
ln(4)
∫ ∞
0
ln
(
1 +
γ
2
i2
)
fIT (i)di, (E.3.16)
donde IT = ISD + 2IRD. Teniendo en cuenta la relacio´n entre la AM y GM dada por
ISD + 2IRD ≥
√
8 · ISD · IRD =
√
8 · ILBT , (E.3.17)
la capacidad ergo´dica correspondiente al protocolo cooperativo BDF puede ser aproximada
au´n ma´s como
CBDF/B ≈ 1
ln(4)
∫ ∞
0
ln(1 + 4γFi)fILBT
(i)di. (E.3.18)
La PDF de fILBT
(i) se puede obtener v´ıa transformada de Mellin (ve´ase Ape´ndice A.7). Al
igual que en sistemas MISO y MIMO FSO, el factor de correcio´n F se an˜ade para obtener
una mejor aproximacio´n, y su correspondiente expresio´n se puede ver en Ape´ndice B.3. La
integral que aparece en Eq. (3.57) se puede resolver con la ayuda de [59, eqn. (8.4.6.5)] con el
fin de expresar la funcio´n logaritmo neperiano en te´rminos de una funcio´n Meijer’s G (ve´ase
Ape´ndice A.3.1) y, usando [59, eqn. (2.24.1.2)] (ve´ase Ape´ndice A.3.2), podemos obtener
la siguiente expresio´n aproximada en forma cerrada para evaluar la capacidad ergo´dica del
protocolo cooperativo BDF en todo el rango de valores de SNR como
CBDF/B
≈
ϕ2SDϕ
2
RDG
8,1
4,8
(
αSDβSDαRDβRD
γ4FA0SDLSDA0RDLRD
∣∣∣∣∣ 0, 1, ϕ2SD + 1, ϕ2RD + 1ϕ2SD, αSD, βSD, ϕ2RD, αRD, βRD, 0, 0
)
ln (4)Γ(αSD)Γ(βSD)Γ(αRD)Γ(βRD)
.
(E.3.19)
En segundo lugar, analizamos la capacidad ergo´dica correspondiente al protocolo coopera-
tivo ADF cuya expresio´n en forma integral viene dada por
CADF/B ≈ 1
ln (4)
∫ ∞
0
∫ i2
0
ln(1 + 4γF ′i1i2)fISD(i1)fIRD(i2)di1di2
+
1
ln (4)
∫ ∞
0
ln
(
1 + 4γi2
)
FIRD(i)fISD(i)di = C
′
BDF + CDT,
(E.3.20)
Debido a la imposibilidad de obtener una expresio´n matema´tica en forma cerrada para la in-
tegral anterior, recurrimos a realizar un ana´lisis asinto´tico. En este caso, el comportamiento
asinto´tico de la capacidad correspondiente al protocolo cooperativo ADF a alta SNR viene
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dado por
CHADF/B
.
=
ln(4γF ′)
ln(4)
∫ ∞
0
FISD(i)fIRD(i)di+
1
ln(4)
∫ ∞
0
∫ i2
0
ln(i1i2)fISD(i1)fIRD(i2)di1di2︸ ︷︷ ︸
CH
′
BDF
+
ln(4γ)
ln(4)
∫ ∞
0
FIRD(i)fISD(i)di+
2
ln(4)
∫ ∞
0
ln(i)FIRD(i)fISD(i)di︸ ︷︷ ︸
CHDT
= CH
′
BDF + C
H
DT.
(E.3.21)
El resultado final se puede ver en mayor detalle en el Cap´ıtulo 3.
Resultados Nume´ricos
A continuacio´n se muestran algunos resultados nume´ricos con el objetivo de evaluar las ex-
presiones obtenidas para los diferentes protocolos cooperativos analizados. En la Fig. 3.13,
se muestran resultados nume´ricos para diferentes posiciones del nodo relay cuando la distan-
cia S-D es fijada a 3 km. Al mismo tiempo, se adoptan diferentes condiciones clima´ticas para
diferenciar entre turbulencia moderada y fuerte segu´n los valores mostrados en la Tabla E.1.
Tambie´n, las expresiones obtenidas se evalu´an ante diferente severidad de errores por desa-
puntamiento usando valores de ancho de haz y jitter normalizado de (ωz/a, σs/a) = (5, 1) y
(ωz/a, σs/a) = (5, 3).
Por un lado, se puede observar co´mo ambos protocolos cooperativos son capaces de obtener
una mayor capacidad que una transmisio´n directa o sistema SISO FSO cuando no existe
cooperacio´n. Por otro lado, se puede apreciar co´mo el protocolo ADF, el cual esta´ basado en
la seleccio´n de camino o´ptico con mayor valor de irradiancia, es capaz de mejorar au´n ma´s las
prestaciones obtenidas por el protocolo cooperativo BDF. En este sentido, podemos afirmar
que las te´cnicas basadas en seleccio´n son de gran utilidad para aumentar la capacidad.
E.4 Modelado de Errores por Desapuntamiento Genera-
lizado
E.4.1 Motivacio´n
En esta seccio´n, se propone un modelo para estudiar errores por desapuntamiento gene-
ralizado. A continuacio´n se comentan brevemente cada uno de los modelos estad´ısticos
propuestos en la literatura en la u´ltima de´cada.
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Figure E.6: Capacidad ergo´dica para una distancia S-D de dSD = 3 km, y ante diferente sev-
eridad de errores por desapuntamiento usando valores de ancho de haz y jitter normalizado
de (ωz/a, σs/a) = (5, 1) y (ωz/a, σs/a) = (5, 3).
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Desapuntamiento Rayleigh Este modelo es considerado la piedra angular entre los dife-
rentes modelos existentes en la literatura [53], el cual ha sido usado y continu´a usa´ndose
en un elevado nu´mero de art´ıculos de investigacio´n. En dicho modelo, el desplaza-
miento radial en el receptor r =
√
x2 + y2, es decir, la desviacio´n con respecto al
punto de alineamiento entre transmisor y receptor sigue una distribucio´n Rayleigh.
Dicho desplazamiento es modelado como la ra´ız cuadrada de la suma de dos variables
aleatorias normales Gaussianas e independientes de media zero y misma varianza. El
eje x representa el desplazamiento horizontal, y el eje y la elevacio´n. En este modelo
se asume que no hay errores por punter´ıa de partida (zero boresight error) ya que la
media tanto de x como de y es cero y, adema´s, ambas variables aleatorias tienen la
misma varianza de jitter (σs). Este modelo fue usado en dicho art´ıculo para el ca´lculo
de la probabilidad de outage presentando nuevas expresiones en forma cerrada para
la PDF combinada de turbulencia atmosfe´rica LN y GG.
Desapuntamiento Hoyt Este modelo esta´ basado en el modelo anterior y fue presentado
en [132]. Dicho modelo incorpora un mayor grado de realismo al modelado de errores
por desapuntamiento donde las varianzas de jitter de ambos ejes pueden tomar va-
lores diferentes. Este supuesto es ma´s realista que el anterior ya que la componente
horizontal y la componente vertical no tienen por que´ variar de la misma forma en un
escenario real. Por tanto, el desplazamiento radial en el receptor sigue una distribucio´n
Hoyt. Este modelo fue usado en dicho art´ıculo para el ca´lculo de la probabilidad de
outage sobre turbulencia GG donde los resultados obtenidos son solamente va´lidos
cuando la turbulencia atmosfe´rica es el efecto dominante, es decir, cua´ndo el orden de
diversidad del sistema solo depende de la turbulencia y no del desapuntamiento entre
transmisor y receptor. Adema´s, no pudo ser determinado de forma anal´ıtica cuando
las expresiones proporcionadas dejan de ser va´lidas, solamente mediante observacio´n
nume´rica.
Desapuntamiento lognormal-Rice Este modelo tambie´n esta´ basado en [53], pero con
la diferencia de que este contempla posibles errores por punter´ıa de partida entre trans-
misor y receptor (nonzero boresight error) [56]. En este caso, el desplazamiento radial
en el receptor sigue una distribucio´n lognormal-Rice. Este modelo fue usado en dicho
art´ıculo para analizar las prestaciones en te´rminos de BER y probabilidad de outage
sobre turbulencia atmosfe´rica LN y GG. Al igual que en el caso de desapuntamiento
Hoyt, debido a la dificultad que representa obtener una expresio´n en forma cerrada
para la PDF combinada de turbulencia atmosfe´rica y desapuntamiento, las expresiones
obtenidas en este caso solamente son va´lidas cua´ndo la turbulencia atmosfe´rica es el
efecto dominante y, por tanto, no sabiendo cuando las expresiones anal´ıticas obtenidas
dejan de ser va´lidas.
Desapuntamiento Beckmann Este modelo, tal como se comento´ en la introduccio´n, re-
presenta el caso general y fue usado por primera en [133] para el ca´lculo de la capaci-
dad ergo´dica asinto´tica, no proporcionando ninguna expresio´n en forma cerrada para
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la PDF combinada de turbulencia atmosfe´rica y de errores por desapuntamiento Beck-
mann. En dicho modelo, tanto el desplazamiento radial como la elevacio´n presentan
diferentes medias (nonzero boresight error) y diferentes varianzas de jitter.
En esta tesis, nos centramos en el estudio de este u´ltimo modelo desarrollando una aproxi-
macio´n para el desplazamiento radial modelado con distribucio´n Beckmann con el objetivo
de obtener expresiones matema´ticas en forma cerrada para la PDF combinada y ser capaces
de evaluar las prestaciones de un sistema FSO en te´rminos de BER y probabilidad de outa-
ge. Ma´s importante, las expresiones que se obtienen en este sentido son va´lidas no solo
cuando la turbulencia atmosfe´rica es el efecto dominante, sino tambie´n cuando no lo es, es
decir, cuando lo son los errores por desapuntamiento Beckmann. Adema´s, detectar cua´ndo
un efecto u otro dejar de ser dominante en el co´mputo de las prestaciones. Finalmente, el
efecto de ejes correlados tambie´n se tiene en cuenta.
E.4.2 Aproximacio´n para Modelar Desapuntamiento Generalizado
En este apartado abordamos el problema que existe en la literatura a la hora de mode-
lar errores por desapuntamiento generalizado, es decir, desapuntamiento Beckmann. La
distribucio´n Beckmann es una distribucio´n estad´ıstica que presenta ciertos impedimentos
desde el punto de vista pra´ctico ya que no presenta un tratamiento matema´tico sencillo y,
en ocasiones, es incluso imposible. Muchos autores han obtenido expresiones en forma ce-
rrada para medir las prestaciones de los sistemas FSO que son solamente va´lidas cuando la
turbulencia atmosfe´rica es el efecto dominante. Esto quiere decir que el orden de diversidad
del sistema tanto en BER como en probabilidad de outage depende u´nica y exclusivamente
de la turbulencia atmosfe´rica y no de los errores por desapuntamiento. El efecto de los erro-
res por desapuntamiento queda reducido a una disminucio´n de la ganancia de codificacio´n.
Hay que destacar que este es el escenario que se busca en la pra´ctica, es decir, un escenario
donde la turbulencia atmosfe´rica sea el efecto dominante ya que se pueden obtener mejores
prestaciones. Tambie´n hay que decir que es conveniente saber cua´ndo la turbulencia deja
de ser dominante y bajo que´ condiciones ocurre este cambio de efecto dominante. Este
problema no esta´ resuelto en la literatura, siendo su u´nica solucio´n la evaluacio´n nume´rica
con el fin de saber que´ efecto es el dominante a alta SNR.
Un vez conocida la problema´tica, el objetivo principal es obtener una aproximacio´n de
la PDF combinada de turbulencia atmosfe´rica y errores por desapuntamiento Beckmann.
El siguiente objetivo es ser capaz de obtener el comportamiento asinto´tico de dicha PDF
combinada. Una vez realizado el comportamiento asinto´tico, ya estaremos en condiciones
de obtener el orden de diversidad del sistema y, por tanto, saber que´ efecto es el do-
minante. Para ello, nos fijamos en el modelo de desapuntamiento Rayleigh y turbulencia
atmosfe´rica GG que s´ı permite obtener su comportamiento asinto´tico, y que fue analizado
en el Cap´ıtulo 2. Utilizando este modelo de desapuntamiento, el orden de diversidad del
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sistema viene determinado por Gd = min(α, β, ϕ
2) para el caso de turbulencia atmosfe´rica
GG. Esta sencilla expresio´n nos dice que el orden de diversidad del sistema sera´ dependiente
u´nica y exclusivamente de la turbulencia atmosfe´rica cuando min(α, β) < ϕ2. Esto se puede
hacer gracias a que la PDF del desplazamiento radial en el receptor sigue una distribucio´n
Rayleigh. Pero cuando el desplazamiento radial sigue una distribucio´n Beckmann, el com-
portamiento asinto´tico no se puede realizar debido a la dificultad matema´tica que presenta
esta PDF. En este sentido, nosotros proponemos aproximar el desplazamiento radial en el
receptor por una distribucio´n Rayleigh modificada de para´metro σmod. Se puede comprobar
que cuando una variable aleatoria sigue una distribucio´n Rayleigh, dicha variable aleatoria
al cuadrado sigue una distribucio´n exponencial. Si definimos u = r2, podemos expresar la
PDF de u como
fr2(u) =
1
2σ2mod
exp
(
− u
2σ2mod
)
, u ≥ 0. (E.4.1)
El para´metro σmod se usa para estimar el orden de diversidad del sistema cuando el desa-
puntamiento Beckmann es el efecto dominante. El citado para´metro se obtiene mediante la
igualacio´n del momento central de orden 3 de la variable aleatoria r2 cuando r sigue una
distribucio´n Beckmann al cuadrado, y cuando r sigue una distribucio´n Rayleigh al cuadrado
(distribucio´n exponencial). El resultado que se obtiene al hacer dicha igualacio´n viene dado
por
σ2mod =
(
3µ2xσ
4
x + 3µ
2
yσ
4
y + σ
6
x + σ
6
y
2
)1/3
. (E.4.2)
De una forma similar a [53], podemos obtener la PDF correspondiente al desapuntamiento
Beckmann el cual es tratado como si fuese un desapuntamiento Rayleigh. Dicha PDF viene
dada por
fIp(i) ≈
ϕ2mod
(A0G)
ϕ2mod
iϕ
2
mod−1, 0 ≤ i ≤ A0G (E.4.3)
donde ϕmod = ωzeq/2σmod. Se an˜ade el para´metro G para compensar la media de ambas
variables aleatorias cuya expresio´n viene dada por
G = exp
(
1
ϕ2mod
− 1
2ϕ2x
− 1
2ϕ2y
− µ
2
x
2σ2xϕ
2
x
− µ
2
y
2σ2yϕ
2
y
)
. (E.4.4)
donde Amod = A0G.
E.4.3 Impacto de Ejes Correlados
Un paso ma´s hacia el modelo de errores por desapuntamiento generalizado es considerar
que ambos ejes, es decir, tanto el eje horizontal como el eje vertical esta´n correlados y no
son variables aleatorias independientes. Es de esperar que ambas variables aleatorias este´n
correladas y no var´ıen de forman incorrelada. En este caso, los para´metros relacionados con
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Table E.2: Expresiones para desapuntamiento con ejes correlados.
Para´metro S´ımbolo Expresio´n
Media horizontal µ′x µx cosφ0 + µy sinφ0
Media vertical µ′y µy cosφ0 − µx sinφ0
Varianza horizontal σ′2x σ2x cos2 φ0 + σ2y sin2 φ0 + 2ρσxσy sinφ0 cosφ0
Varianza vertical σ′2y σ2y cos2 φ0 + σ2x sin2 φ0 − 2ρσxσy sinφ0 cosφ0
el desapuntamiento Beckmann son modificados con el objetivo de considerar una correlacio´n
lineal de para´metro ρ entre el desplazamiento horizontal y la elevacio´n en el receptor.
Para ello, definimos dos nuevas variables aleatorias Gaussianas x′ e y′ las cuales son es-
tad´ısticamente independientes. En este caso, el desplazamiento radial en el receptor puede
seguir siendo expresado como r2 = x′2 + y′2 = x2 + y2. En la Tabla E.2 podemos ver un
resumen de co´mo los para´metros estad´ısticos correspondientes a x′ y a y′ son modificados
para incluir el efecto de la correlacio´n entre ejes y expresarlos en funcio´n de los para´metros
estad´ısticos de x e y.
El efecto de la correlacio´n produce un cambio de PDF cuando el coeficiente de correlacio´n
toma valores diferentes de cero fundamentalmente en aquellos modelos que de partida
asumen misma varianza de jitter para ambos ejes, es decir, desapuntamiento Rayleigh y
lognormal-Rice. En el caso de desapuntamiento Rayleigh, dicho modelo estad´ıstico evolu-
ciona hacia el modelo de desapuntamiento Hoyt cuando el coeficiente de correlacio´n toma
valores distintos de cero. Lo mismo ocurre cuando se asume un modelo de desapuntamiento
lognormal-Rice, este evoluciona hacia el modelo ma´s general, es decir, el modelo de desapun-
tamiento Beckmann. Este efecto no ocurre en el caso de desapuntamiento Hoyt y Beckmann
porque asumen de partida diferentes varianzas de jitter en ambos ejes. El cambio de PDF
ocurre en aquellos modelos que asumen de partida la misma varianza de jitter para ambos
ejes.
Ana´lisis de Prestaciones: BER y Probabilidad de outage
Antes de analizar las prestaciones tenemos que calcular la PDF combinada de turbulencia
atmosfe´rica GG y de desapuntamiento Beckmann utilizando la aproximacio´n propuesta.
Realmente, las expresiones ya fueron obtenidas en el Cap´ıtulo 2, y son usadas aqu´ı utilizando
los nuevos para´metros: ϕ2mod y Amod. En este sentido, la PDF combinada viene dada por
fI(i) ≈ αβϕ
2
modi
−1
AmodLΓ(α)Γ(β)
G3,01,3
(
αβ
AmodL
i
∣∣∣∣∣ ϕ2mod + 1ϕ2mod, α, β
)
, i ≥ 0. (E.4.5)
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Y la CDF viene dada por
FI(i) ≈ ϕ
2
mod
Γ(α)Γ(β)
G3,12,4
(
αβ
AmodL
i
∣∣∣∣∣ 1, ϕ2mod + 1ϕ2mod, α, β, 0
)
. i ≥ 0. (E.4.6)
Con estas expresiones podemos obtener el correspondiente comportamiento asinto´tico como
fI(i) ≈ aMibM−1 =

ϕ2mod(αβ)
βΓ(α−β)
(AmodL)
βΓ(α)Γ(β)(ϕ2mod−β)
iβ−1, ϕ2mod > β
ϕ2mod(αβ)
ϕ2modΓ(α−ϕ2mod)Γ(β−ϕ2mod)
(AmodL)
ϕ2
modΓ(α)Γ(β)
iϕ
2
mod−1. ϕ2mod < β
(E.4.7)
La probabilidad de outage viene dada por
Pout = P (4γi
2 ≤ γth) =
∫ √γth/4γ
0
fI(i)di = FI
(√
γth
4γ
)
=
ϕ2mod
Γ(α)Γ(β)
G3,12,4
(
αβ
AmodL
√
γth
4γ
∣∣∣∣∣ 1, ϕ2mod + 1ϕ2mod, α, β, 0
)
.
(E.4.8)
Y el comportamiento asinto´tico de la BER viene dado por
Pb
.
=
aMΓ((bM + 1)/2)
2bM
√
pi
γ−bM/2. (E.4.9)
Se puede apreciar co´mo el orden de diversidad del sistema tanto en BER como en outage
viene determinado por β < ϕ2mod (asumiendo propagacio´n de onda plana) donde ϕ
2
mod con-
tiene informacio´n de todas las variables involucradas en el desapuntamiento Beckmann tales
como µx, µy, σx y σy.
E.4.4 Resultados Nume´ricos
A continuacio´n se muestran algunos resultados nume´ricos para la probabilidad de outage
cuando se tiene o no en cuenta la correlacio´n entre ejes sobre canales con turbulencia at-
mosfe´rica GG. Diferentes valores de errores por desapuntamiento se han considerado con el
fin de evaluar las expresiones obtenidas ante escenarios FSO ma´s extremos desde el punto
de vista de los errores por desapuntamiento tal como se muestra en la Tabla E.3.
Por un lado, puede ser concluido que esta herramienta es muy u´til para detectar no solo que´
efecto es el dominante, sino tambie´n para optimizar ciertos para´metros como el ancho de haz
con el fin de asegurar el escenario en el cual la turbulencia atmosfe´rica es dominante. En este
sentido, la expresio´n del mı´nimo ancho de haz que asegura que la turbulencia atmosfe´rica
es el efecto dominante (β < ϕ2mod ) viene dada por
ωzmin/a ≈ 2−3/4
(
21/68β(3µ2xσ
4
x + 3µ
2
yσ
4
y + σ
6
x + σ
6
y)
1/3 − 3
)1/2
. (E.4.10)
Por otro lado, podemos concluir tambie´n que el efecto de la correlacio´n no puede ser ignorado
en enlaces terrestres FSO ya que presenta un impacto importante no solo en el orden de
diversidad, sino tambie´n en la ganancia de codificacio´n.
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Table E.3: Configuracio´n del sistema FSO.
Para´metro S´ımbolo Valor
Distancia de enlace FSO dSD 3 km
Longitud de onda λ 1550 nm
Dia´metro de apertura receptora D = 2a 10 cm
Divergencia en transmisio´n θz 1 mrad
Ancho de haz normalizado ωz/a ' 60
Ma´ximo a´ngulo de jitter (θsx,θsy) 0.4 mrad
Ma´ximo jitter normalizado (σx/a,σy/a) ' 24
Ma´ximo a´ngulo de boresight (θbx,θby) 0.3 mrad
Ma´ximo boresight normalizado (µx/a,µy/a) ' 18
E.5 Conclusiones y L´ıneas Futuras
E.5.1 Conclusiones
En esta tesis, el ana´lisis de las prestaciones de los sistemas de comunicaciones o´pticas at-
mosfe´ricas o sistemas FSO ha sido abordado, presentando nuevos resultados para la comu-
nidad cient´ıfica e investigadora. Dicho ana´lisis de prestaciones se ha dividido en dos grandes
a´reas de investigacio´n: por un lado, el ana´lisis de la capacidad ergo´dica de sistemas FSO
avanzados basados en diversidad espacial como los sistemas MISO, SIMO y MIMO FSO, y
de sistemas cooperativos basados en retransmisio´n DF como una solucio´n interesante para
aumentar la capacidad; por otro lado, el modelado de errores por desapuntamiento gener-
alizado, donde no solo se tiene el cuenta el efecto de diferentes varianzas de jitter y nonzero
boresight errors, sino tambie´n el efecto de ejes correlados. Estas dos grandes a´reas de inves-
tigacio´n han sido estudiadas principalmente sobre canales atmosfe´ricos modelados con una
distribucio´n GG, asumiendo IM/DD y modulacio´n OOK cuando la probabilidad de error
de bit es estudiada.
Dentro del ana´lisis de la capacidad ergo´dica se han obtenido nuevas expresiones matema´ticas
en forma cerrada que permiten computar la capacidad en todo el rango de valores de SNR
en algunos casos como sistemas MISO y cooperativos FSO y, en en el caso de sistemas
MIMO FSO, solo ha sido posible obtener su comportamiento asinto´tico debido a la dificultad
matema´tica que presentaba el ana´lisis. A la luz de los resultados obtenidos, podemos concluir
que los sistemas MISO FSO son probablemente la solucio´n ma´s interesante en comparacio´n
a los sistemas SIMO y MIMO FSO ya que el efecto de nonzero boresight errors es mucho
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Monte Carlo
ωz/a = 60
dSD = 3 km
ρ = 0
ρ = 0.2
ρ = 0.65
(µx/a, µy/a, σx/a, σy/a) = (0, 0, 15, 15)
(µx/a, µy/a, σx/a, σy/a) = (6, 6, 15, 15)
(µx/a, µy/a, σx/a, σy/a) = (9, 18, 18, 12)
(a) Turbulencia moderada.
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Monte Carlo
ωz/a = 60
dSD = 3 km
ρ = 0
ρ = 0.2
ρ = 0.5
(µx/a, µy/a, σx/a, σy/a) = (0, 0, 21, 21)
(µx/a, µy/a, σx/a, σy/a) = (9, 9, 21, 21)
(µx/a, µy/a, σx/a, σy/a) = (9, 18, 24, 18)
(b) Turbulencia fuerte.
Figure E.7: Probabilidad de outage sobre canales con turbulencia atmosfe´rica GG para
una distancia de enlace 3 km en dos escenarios diferentes: (a) turbulencia moderada
C2n = 2× 10−14 m−2/3, y (b) turbulencia fuerte C2n = 8× 10−14 m−2/3.
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menor en sistemas de una u´nica apertura receptora. Esto u´ltimo es debido a que una fuente
la´ser solo puede estar alineada con una u´nica apertura receptora. Sistemas MISO FSO son
capaces de obtener mejores prestaciones, al menos en te´rminos de capacidad, en comparacio´n
con sistemas con diversidad en recepcio´n como los sistemas SIMO y MIMO FSO. Al mismo
tiempo, los resultados obtenidos en comunicaciones cooperativas permiten concluir que los
sistemas cooperativos basados en retransmisio´n DF son capaces de aumentar la capacidad e
incluso mejorar a la capacidad obtenida por un sistema basado en diversidad espacial para
determinadas posiciones del nodo relay.
Por u´ltimo, el modelado de errores por desapuntamiento generalizado tambie´n ha dado
lugar a diferentes aportaciones. Este ana´lisis ha demostrado que para incluir el efecto de
errores por desapuntamiento a cualquier sistema FSO se requiere de un modelo preciso y,
a la vez, sencillo desde el punto de vista matema´tico con el fin de analizar las prestaciones
de los sistemas FSO y poder obtener nuevas expresiones matema´ticas en forma cerrada.
La herramienta propuesta en esta tesis es va´lida para analizar cualquier sistema FSO y nos
permite detectar que´ efecto es dominante, es decir, si la turbulencia atmosfe´rica o los errores
por desapuntamiento. El efecto de la correlacio´n tambie´n ha sido contemplado concluyendo
que no puede ser ignorado. Las expresiones obtenidas cuando no existe correlacio´n siguen
siendo va´lidas cuando s´ı existe correlacio´n pero utilizando los para´metros adecuados.
E.5.2 L´ıneas Futuras
A continuacio´n se muestran algunas l´ıneas futuras de investigacio´n dentro del a´mbito de los
sistemas FSO las cuales han sido derivadas de las investigaciones realizadas en esta tesis.
• Estudiar el efecto de CSI imperfecto a la hora de realizar la seleccio´n de camino o´ptico
con mayor valor de irradiancia, as´ı como contemplar errores de sincronizacio´n en el
receptor dentro del estudio de la capacidad ergo´dica de sistemas cooperativos basados
en retransmisio´n DF.
• Aplicar te´cnicas de codificacio´n espacio-tiempo distribuidas (DSTC, Distributed Space-
Time Coding) a sistemas cooperativos basados en retransmisio´n DF con el objetivo
de conseguir unas prestaciones ma´s robustas frente a la posicio´n del nodo relay.
• Ana´lisis de las prestaciones en te´rminos de BER, probabilidad de outage y capacidad
ergo´dica de sistemas MIMO FSO afectados por errores por desapuntamiento Beck-
mann.
• Ana´lisis de las prestaciones en te´rminos de BER, probabilidad de outage y capacidad
ergo´dica de sistemas UOC con el objetivo de aplicar el conocimiento adquirido sobre
el modelado de canal o´ptico atmosfe´rico a canales o´pticos subacua´ticos.
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